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INTRODUCTION H /

In these lectures ! have aimed at giving an elementary introduction to cer-

tain types of stochastic differential equations in infinite dimensional spaces.
The material is relatively self contained and should be easily accessible to
graduate students. [ have freely drawn on some of the existing work in the
field, especially the pioneering work of K. Ito as well as some extensions
appearing in the papers of . Mitoma, R. Wolpert and myself, the thesis of S.K.
Christensen as well as some recent work which I have been doing jointly with V.

Perez-Abreu.

My warm thanks are due to Professor Victor Perez-Abreu for writing up these
notes.

G. Kallianpur !
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LECTURE I

COUNTABLY HILBERTIAN NUCLEAR SPACES

In this lecture we:introduce;Countany Hilbertian Nuclear (CHN) spaces and
give some examples to illustrate why these infinite dimensional spaces are con-
venient for the study of some practical problems, e.g. those occuring in
stochastic evolutions. - \
Let ¢ be a (real) linear space whose topology t 1is given by an

increasing sequence ) r e N of Hilbertian norms. Let ¢. be the Hilbert

r r
space completion of ¢ w.r.t. 1¥-2. and assume that
[
o=\ o,
r
r=1

Then (4,t) 1is a Frechet space with metric

1 - wnn
1+ 19 - wun

p(o,p) = ; l,—,—

and (¢,p) 1is called a Countably Hilbertian Space. Since for n <m

o1 < aen $ € &

n

then

°m§.‘°n m »n.

A countably Hilbertian space ¢ 1is called nuclear if for each n > 0O

there exists m > n such that the canonical injection 1i: °m<:'°n is

. Hilbert-Schmidt i.e. if {’j}J>1 is a complete orthonormal system (CONS) in
@n then we have
l ‘
hd o
L1 < =,
j=1
|
R A S e S IR TSP S I SR S TR Tt ;'d'f"“:’l-'-/'"-“..‘f:"'-'-" ("é" _\ > '\‘ S \V‘\ S N AT
.'. _\~:$::$: A -._-.l-_:.; ;-. ?ﬁdix x‘;. -.f;'. N . ‘, '5.\. N ..E |:‘ ) '-J.
Rt L0%e 2 RO M ol , 3 X 2 A = M J r » Y, .
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Let ¢' be the dual (Hilbert) space of ¢, and for f ¢ 0; let

b

llfl_n = ' sup |f[¢]|

¢In<1

since for n <m #pn ¢ 161 then

n

' C ¢ n <m.
m

Let &' be the topological dual space of ¢ with the strong topology, which
is given by the complete system of neighborhoods of zero given by sets of the

form, {f ¢ ¢': lan < g}, 0, where,

'f'B = sup{|f[4]|: ¢ €B} B a bounded set in ¢.

Then

It is important to note that this topology cannot be given by a countable family

of seminorms.
Suppose there is an inner product <',°>H on ¢ which is continuous in
the t-topology of ¢. Let H be the Hilbert space completion of @& w.r.t.

<*s*>,. Then the triplet

pSH G

is called a rigged Hilbert space or a Gelfand triplet. The Hilbert space H

may be one of the Hilbert spaces ¢ defining the topology of ¢ but this is

not always the case as we shall illustrate later on.

Example 1.1 Let ,X(R) be the space of rapidly decreasing functions on R.

The usual definition of /g(R) is the following:

S ”-.* PN

0o a . - - T N T s Il
BRI AN )




*\n'
.u,. -3-

- |
ﬁ{_
e
A.ﬁﬁ $ € }g(R) iff ¢ €C” and sup |x°¢(3)(x)| <> a8 eN
LW x€& R
-~ and the topology of ,g(R) (Fréchet) is given by the family of seminorms
)

T {141 = sup |x°‘¢(5)(x)|a,s e N}.

™ a,B X

o €
[
k“& The space ig(R) can also be defined using the following sequence of
;I""

> f Hilbertian norms: Let
_;€E
Bz (-1)" x%/2 . d \n _-x%2
Hy(x) = ——e (g ) e

40
f& and
Ry
o 2
‘L:t g(x) "__1:e'x /2,

‘; /2n

b

NN Then the sequence of Hermite functions (¢ },,,
-’ \ dpep (%) = /30x) (nDY2H () a0 (1.1)
20 is a CONS in L2(R). Then ([5])

v
l‘"-
- R(R) = {4 € L2(R): n¢n: <o ¥ eR}.

N . 2
:Eig Let }g b be the completion of }E(R) W.r.t. uolp, then 0 = L(R)

L
e 2.c8, g :
" p —*%q

‘. ‘
' \; and
3 '.t:
'I‘N‘ g (R) = Q SP
e Ul

o By« Uy

~

'f? The Schwarz topology on )Z is the topology determined by {n-up,p e R} or

0 equivalent by the countable family {n-np; P e N}.




]

Let f,g e,&, then for all p e R

2 _ 2
|f[g]| - I% <f"$n>0<g'¢n>ol <

2 1,-2 2 1 y2py . 2 2
7 (L <fagppln + 5 )7 L <9ut>4(n + 7)) =1 agr]

., which shows that g_ b is the dual of gp and therefore
d )
/

W '
:. X = U /g-p.
; p>0

’ Finally since for R + Ly-p '
-~ y any peR {(n+5)" s} is a CONS for
L

) P
'.J:.'._ p > q + 2'
L

then if

'
0~

1 - Y -2(p-
'("+?)p°n'§=n£1 (n+3)72P9) e

n=1

N i.e. the canonical injection )Z pC*)gq is Hilbert-Schmidt for p > q +
()

1
z‘ .
Hence ‘)g (R) 1is a CHNS and if H = LZ(R)

o PO T

D is a rigged Hilbert space. ,ég(R)‘ is the familiar space of tempered

. distributions.

The following observation will be useful later (see Remark 1.2): If L is

the operator on H = LZ(R) defined by

I -L =8 i

2
=S _ X
il 8

then L¢n = A where An

1]
3
1
Ny —
[+ 1]
>
a
-n
o
e ]
)
v
N~

n°n

Dl

P A S

Y .'.ﬁ_‘n_
8

\ 'f'r’_‘- 5

" o 12
. (I+L) &30,

SO0

n
We— g
—
[y
+
>
~—
)
n
3
]
“(\/8
—~
Ca
+
—
~—

]
N
e |
Fa
8

[

. : (1.2)
]
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In these lectures we consider the following model for deterministic

evolution:

Model. Suppose we have a rigged Hilbert space ¢S H S o' on which is defined
a continuous linear operator A: ¢ » & and a strongly continuous semigroup

(Tt)t>0 on H such that the following conditions hold:

a) T.eC vytoo.
b) The restriction Tt|° : &+ ¢ is t-continuous ¥ t > 0.
c) t +T.$ is continuous ¥ ¢ ¢ 4.

d¢) The generator of Tt on H coincide with A on ¢.

If ¢,H,%" are already given, (a)-(d) is a restriction on the type of Tt that
can pe considered. However, it is important to observe that in practical
problems, physical considerations give no idea of the rigged Hiibert space
$SHS 9 and only the Hilbert space H and the semigroup Tt are naturally
given in the problem, and hence the Schwarz space cannot be chosen in advance.
The following example gives a method of choosing ¢ and ¢' wnen Tt 1s
given and satisfies certain conditions. Then we will introduce some examples
where we can set up an infinite dimensional stochastic differential equation by
choosing ¢ and ¢' suitably so as to satisfy the above conditions.
Given a rigged Hilbert space ¢S H S9¢', a semigroup (Te)psp satisfying

the above conditions will be called compatible with (&,H,9') or equivalently

we will refer to (@,H,Tt) as a compatible family.

EXAMPLE 1.2 (A class of examples of (0,H,¢',Tt). Let H be a real separable

Hilbert space and A = -L be a closed densely defined self adjoint operator on

Hos.t. <—L¢,¢>H <U for ¢ ¢ Dom(L). Let Tt be the semigroup on H deter-

mined by A. Further assume that some power of the resolvent of L 1is a

B - "w ..... S B IR
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Hilbert-Schmidt operator i.e.

3 Fys.t

This condition helps to find an appropriate CHNS ¢ for the model, as we

shall now indicate: it implies that there is a CONS {¢j}

Lo

and 0 < Al < xz € o0 o« Take =1

>
"

{¢ e H: n(I

{6 ¢ H:
J

ne— g

1

Define the inner product <e,e>

<P > :=

Jj=1

TN~

and

2-—
117 = <4,0> .

Let 9

be the ""r

and for r <s,

n¢lr < |¢|S and so

implies that the canonical injection
p>r + rl‘ and therefore ¢

For each r > ( o_r and ¢

r

n(e] :=
J

We— g

<n,¢.>
1 J -

“

NN
).J
"' .Q . .!.‘u',’l ALl N

W

AL S N Sl Sl Sol b Sl Sl A td Ak i A0S B i

(AL + L)

r ON % Dby

(1423027 <o,054¢k,0,0,

- completion of ¢.

o= N,
r

is a CHNS.

F<00> ned

" AR LS IS T N T

o WO TN NCT T TR O TR T

-6-

-r

is Hilbert-Schmidt (1.3)

TAyey Vil
and define
+ L)r¢|§ <o  ¥r e R}

2r 2
(1 + xj) <>y <= ¥ roeR} (1.4)

(1.5)

We then have

¢ =U s
r r

@Sg % with 9 = H. Condition (1.3)

opC» °r is Hilbert Schmidt for

are in duality under the pairing

-r’ ¢ € or (1'6)
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and therefore ¢__ = ¢,. We also have that

. {¢J}j>1 is a complete orthogonal

system (not normal) in ¢. for all r eR.

From now on we will write Ceye>y = <oy, and

. (1 + AJ')

@
—

0
e~ g

< =, (1.7)
J

Now we shall prove that the semigroup Tt satisfies conditions (a)-{d) for
our above model for deterministic evolution:
Condition (1.3) implies that - L generates a contraction semigroup Tt on

Ho For ¢ e 4% and t > 0 we have

-tlj
e $9:95>005 € @

e~ §

T.o =
t i<t

wnich implies {a). Next for t >0 and ¢ € 9

-2t

nTt¢u: = jgl e (1 +a, 2

)2('

r 2 2
<6,0575 = Tor_ .

2 x©
j)7 <052 < j%1 (1435)

Then since ¥, » 0 in & if and only if Tl »0 ¥ r eR,
nTtwn"r +0 ¥reR=>Ty, »0 in ¢

and therefore condition (b) is satisfied.
Now for s,t e T and ¢ ¢ ¢

“tA, =sh, .
(e J_e J)z <¢,¢j>§(1 + XJ)Z

he— 8§

uT ¢ - T ¢|2 =
L S j=1
and for each j » 1

-t -SA;
J Jy2 2 2 2 2r
(e -e )7, 0537 (142) 7 < A<, 0,o (1A )™

-t . .
Since e U is continuous on t for all j » 1 then by the Dominated

convergence theorem

nﬂ_ﬂ‘,-"'.".-‘
NSO Ay

eite e O e

L) ..un.!
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[)

)

"l

s, ]WHT@-TM»O Vosecod, reR

oy t+s

L

g which implies (c). 3
W n

o Now to prove (d) let ¢ e ¢ and define y = Jé <4557595. Then y, + ¢
> on &,

AW

i

_ n n

b~ -Ly, = 2 DidjooLley = - 2 A<, 05255

5 Jj=1 j=1

b
L
4 and for m>n and r eR

m L 2

K \ 2 2 o 2

\ UL =A<y 005 = ) ANl + A ) <,6.>5 +0 as n,m > =,

- FEEOREE DS CAA R ) J i"o

% -

. Hence if ¢ = - ) Aj<#:0>50; we have -Ly, » y on o. But since -L is
P j=1

o closed in H and Ted, is ¢-continuous, then ¢ e Vom(L) and ¢ = -L¢

NJ
:: ¢ € 9, i.e.
-\" 4
i @
( Le=- ) 2§ <8952,

- i=1 1
::I and

\ I-LM <n¢lr+1 ¥oded r eR.

>
.-:f
V! Hence, -L& € & and -L is ¢é-continuous which implies (d).
1

i:
)

) Remarks
=
-2 1.1. A compatible family (¢,H,T,) or (¢,H,L) is called a special com-
o =
3 patible family if the generator L satisfies condition (1.3) and ¢
;j‘_z is constructed as in Example 1.2, i.e. ¢ 1is given by (1.4).

:.':_: 1.2. Tne Schwarz space ,Z(R) of Example 1.1 may be obtained in the fra-
] mework of the last example by taking
=
i
:
l:g
L

L T

I'

L R - "o A J"J"' "-‘\.‘.r - .4-¢ .r_. ‘-";-"*'a"")
"”.'*':'."" ,n,..-.-‘,. .4" " \/"ﬁ- '!,-‘i- .(.N*

.('.-’4,, '-'{’\ ;--' " “.’." ", L. A X T ‘... "!'.‘ '....‘...".'..‘ -‘a 2000 ....
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¥
L
)

w

£ 2 2

Yy - = d - X = 2, = 1 1
8 L d—z-d—'aH L7(R), )\J‘J"? 21

X
‘L
: and {¢j} the Hermite functionals given by (1.1). Then from (1.2)

N we have that -L satisfies condition (1.3) for ry %. and

= 0
‘j . (X (R),L%(R),L) is a special compatible family.

;
12
"

:ﬁ The following example occurs in core conductor theory and will be later
"'.

- considered in connection with applications to neuronal behavior.

n .
-3 EXAMPLE 1.3 Let H = Lz([o,b],dx) and consider the deterministic problem
i

v
Q>
-

— = =-a¥ + 8AV t>0 0<x<b,

e at
K- (ayB > 0 constants),

5.' V(0,%) = vy (x), (1)

v v =

{ — (£,0) = 22 (t,b) = 0.

~

-

[\

". .

N et (Tt) be the continuous contraction semigroup on H defined by (1), i.e.
P

' b

¥ (T f)(x) = é G(x,y;t)f(y)dy  f eH

»

Xy

> where

NG

) @ -t

- G(x,y;t) = } e 3 (x) 8, (y)

3 n=0

>

L2 )

[ omat (M2 as, (1.8)
R and

) 5 (x) = (&) %2os( 2Ky 4 5. (1.9)
24 n D 2

‘.\

P4

tet A = - be the generator of Tt’ Then (1) nas the solution

Y
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K

&
2;:: b
R V(t,x) = [ G(x,y;t)vy(y)dy , t >0 (1.10)
" 0
O ‘
N for Vo € Dom({L).
j2.
¢f: Now consider the stochastic model
2

. N ooV oAV o+ (11)
AN at t,x

S
.{“? where wt X is a Gaussian white noise in space time. We shall show how to set

Ny up model! [l as a ¢'-valued stochastic differential equation for a suitable defi-
4 "\‘ ..
~d3: nition of ¢,
‘-":.v
aﬁs For A, and ¢, as in (1.8) and (1.9) respectively and
¥ .2

L=-al + 8A (8:==3)

XS 2

dx

define ¢ by the method explained in Example 1.2 i.e.

= {¢ ¢ H :
J

e g

(1 + xj)’<¢,¢j>§ < ® ¥r eR}
1

where

W e, e,
T N e e Y

\\'.’L," . \:"."_‘"ﬁ.‘ ”I‘,l,’ - ket e,

s A

b
<Oy = g o(x)y(x)dx.

85

1 : nm \2y- .

.y If p>m+g, since {(1+a+8(=5)°) p¢n} is a CONS for o,
P d
- J"-’. @ @
) L 1+ ar 8( 2Py a2 ) (1eaw (2 )72
'\’\j n=1 m n=1
v .
— and then the injection map ¢, G ¢ 1is Hilbert Schmidt for p >m + g .
£ {".‘.: ’
;f:;. Hence ¢ 1is a CHNS and is the linear space of all infinite differentiable
el - (k) (K)
s real functions f such that f'"/(0) = f'®/(b) = 0 for all k =0,1,2,... .
Sy
[N

i Furthermore
*“{‘
SO

PO
o

S

o

. -
s
) ! T U N U N T S M N N N L N R SRy 0y K S S S il WA D,
o .“"'-‘"' . R LSRR R L LR L SIPL g '--.'.-."~_"-."-;'~.‘: T ':.'-"‘-":'- MRS \‘(\" oL AR '*"\",, ey <o - :
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c) Liy = (-al + 8a)

-r
and the operator (Al + L) 1§ Hilbert-Schmidt if ry %.:
N L2 TRNGE!
4 BAL + L) Pyup = ng (A +a+8(5)) < w

Now we indicate how to set up model II as a ¢'-valued stochastic differen-
tial equation. We proceed heuristically. From (1.10) we have that (II) can be

written as

Define for t > 0

then for ¢ ¢ ¢

b b .
= -é Lv(t,x)¢(x)dx + 6 ¢(x)wt’xdx
i.e.
dg. (s] = -g [Loldt + dW (4] (1.11)
- where
b .
W (] := é (x) W dx, (1.12)
b
Lol = é Vo x) a(x)dx

and
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) i‘
0.
AN, .
EW CodW Cwl = min(t,s)<o,9>, for 4,9 € . (1.13)
B
' If on &' we define TE by Téf[¢] = f[Tt¢] for f ¢ & then L'f(¢] = f(Ls]
]
e and one may write model 11 as
A
s :
Ny - 1
W dg = -L'gdt + dW,
t
.:u‘ and (1’
v. »
N €, 9given as above.
"n"
o,
$’.
where wt is a ¢'-valued Wiener process with covariance <+,*>y as defined in

o . . .
;“a the next section, and a special case of a &'-martingale.
3 L
%.~ Model (II)' is an example of a ¢'-valued linear stochastic differential
.t.: equation for which we want to solve & € ¢' and

)

2

nj £ e C(R_;0")
::::

where C(R+;o') is the space of all ¢'-valued processes on R with continuous

paths in the strong topology of &',

. - L)
A a_ a°. o« .
1 AR

,:}.
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* LECTURE 11

>

v
° MARTINGALES TAKING VALUES IN DUALS OF NUCLEAR SPACES"
}¢
K
. -‘
;j Throughout this lecture we assume that (a, F,P) is"a complete probability
1 - .

' space with a right continuous filtration, ('}t)t>0’ Also, unless otherwise

N explicitly stated, we assume that ¢ is & given Countably Hilbertian nuclear
;: space defined by a chain of Hilbert spaces ¢pg; ¢q q <p with norms

o1, > 1-1, and strong duals @és; @6. We denote by &' tne strong dual of

3 ¢ and by B = B (¢') the o-field of &' génerated by the sets
-
E {f ¢ & : f[e] < a} 6 e a ¢ R.

%
5 Definition 2.1 A mapping X (w): R, x @ + &' s a o'-process if X (w)¢] fis
ﬁ - a real valued process ¥ ¢ ¢ &, i.e.
{

‘I
-

) w: X, (w) eBl e T ¥ B e@.

P o
) e el g
LIS

In this lecture we introduce two special cases of 4'-valued processes,

N namely the &'-Wiener process and ¢'-martingales. We give several examples of
0 . , : .

% Wwiener processes and illustrate how some infinite dimensional extensions of the
L)

RD

o2

real valued Brownian motion (as the cylindrical Brownian motion and a sequence

of independent Brownian motions) may be seen as nuclear space valued Wiener pro-

4
[ %

.........

"

)l

- cesses.

ff; In the case of ¢'-martingales we will make the assumption that

- Ext[¢J2 <o %p e 9 t > 0. This condition is not necessary and will be assumed
hﬁ only for simplicity in order to show the kind of techniques used in the study of
'-_

f: ¢'processes. Examples of these techniques are the following two lemmas. They

; 4111 be referred in the future as the regularization Theorem and the Baire cate-
15

:; gory argument.

o’

L, <4

W

v

®

o

e e e e e
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p



.v-.vxv.rrr-.v*Vv—‘r‘wvr'm'mvlm""'y'!w Mo sar ans Sat gags e Sas Jhe Sek s Saf et Al Soh Ak Sl Aok Anh Aclh Sd Aok Aol Rl Ak Al ‘Bl Bad |

o -14-
t ' x:
N ot
R ) |
Liah Lemma 2.1 (Regularization) (Ito) Let VY: ¢ + L2(9,3-,P) be a continuous
A
f. . . N -~
- linear map. Then there exists a ¢'-valued random variable Y s.t.
(X3
3$?§ Y(w)(9] = Y(4)(w) P a.s. ¥4 e o.
S0
o ~
b Moreover there is a q > 0 s.t. P(Y € z;) = 1.

Proof. Let V(¢) = E(Y(@)z)-¥ $ € . Since V 1is continuous there exists

r>0 and §>0 s.t. if 140, < & then V(¢) < 1. Hence if 8 = 1/6 we

have |
' .

rd

3 V(4) < eza¢nf Voeco . (2.1)

;1

Let q > r be such that the injection mapping oqC; 0. s

. :;: Hilpbert-Schmidt and et {¢j}j>1 d Dbe a CONS for ¢ Then from (2.1)
D -

q.
- ® ®

oy E( ) Y(¢j)2) <82 ) |¢ju: <

{ j=1 j=1

_."":: ] 24 if Ql = {h):
\:;- J

e g

(Y(¢J)(w))2 <@} then P(2)) = 1. Define

(o) (w8 if wen

Jl
xR — 2
ne~—g

otherwise

~

‘brﬁ where {§J.}J.>1 is the CONS of ¢a dual to {¢j}j>1‘ Then Y 1is a ¢'-valued

>
oo random variable s.t. Y e ¢; a.s. and
\l

e - V(w)lo] =
2 J

H

. Y(¢j)(w) 40>, b€ ¢ as. (2.2)

r~— 2

O Letting Yy i

—=+ 0 so that from (2.1)

01057055 Tuy = 1L < Ty - ¢1)

j=1




AN s o e b b e Aol oo T TP T T T T T W T O R R e O T BT T ST ST T T TT R T T v

-

-

0

- e mo e

-15-

n
EL ) (¢ )<, ¢ > - (¢)]2 +0 as n + = (2.3)
j=1 A

Finally, from (2.2) and (2.3) we have

ECY(w)l4] - Y(o)(w)1% = 0

Yol = Y(4) a.s. V o c o
Q.E.D.

From the proof of the above lemma we obtain the following result.

Corollary 2.1. Let Y: ¢ » LZ(Q,},P) be a continuous linear map. Then there

exist 8>0 and r > 0 s.t.

E(YV(0))? < %1pa? ¥ peo.

Lemma 2.2 Let V(+): & + [J,») satisfy the following conditions:

(1) v is lower semicontinuous, i.e. ¢ » ¢ => V(p) < lim V(s,)

(2) V(9 + ) < V(9) + V(v) ¥ ¢, e ¢
(3) V(ag) = falv(s¢) YaeR, ¢ e
(8) V(9) < = ¥ ¢ e o

Then V(%) 1is a continuous function in ¢4 and there exist 8 >0 and r > 3 s.t.
V(e) < en¢ur ¥ ¢ €@
Let Dn = {5 ¢ & V(o) < n}

Since V 1is a lower semicontinuous function on ¢, then for each n > 1 Dn ig

S i e e _P._._. T T \“F\E; ~ _,.\ i ( *E’ﬁ‘!vﬂm m
-. ‘ "l‘ -"‘ ( ,“ A hl-‘! '-#br“!l’. 148,78, (%\Lmhjﬂ?}k‘}i-
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a closed set of ¢. Condition 4) implies

N
= U D, (2.4)
n=1
Then by the Baire category theorem, since ¢ is a complete metric space, it is

never the union of a countable number of nowhere dense sets. Therefore there

exist ¢, ¢ 9, § > 0 and a positive integer r such that

u¢ = {¢ ¢ &: n¢-¢onr<51}gon.

Q o}

Hence, for any ¢ ¢ &, ¢ #0 if & < 61

6¢*¢eu

YN Y %

and

ol %
and therefore they belong to Dn , 1.0,
0
V(sn—gl—r- +9,) <ng (2.5)
and
V(e - 5,-3.7 ) <ng (2.6)

But using 3) with a = -1

§
V8 3 - 4) = Vlog - o)

Then by 2)

(zs_L) <V(6l—ﬁ; 8) + V(8 N?r - 4,) < 2ng

and hence using 3), if o = ny/ 8

- et -‘.*~'-“~“.‘.“-‘_. cav e
‘- - v e 9 ‘" 'h' v \ LSy s
"' 2&?,‘; e, ,..r.f‘.'x.n.rmr.x_}.h_a.“:. ,‘4:.,;,‘ T e T "-'x_ .ru_r....m,ma: ‘)0\13’1..«.-\‘\-&4-'
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: V(o) < ore1_ vo e 0
Then the continuity of V follows since using 2)

V() = V()] < V(o - w) < 819 -yt o,y e o
' Q.E.D.

As an example of a typical application of the above lemma (Baire category

argument) we have the following result.

Corolliary 2.2. Let (Xt)t>O be a ¢'-valued stochastic process s.t.

) 2
¢ Ext[‘QJ < = Yo e o, t >0,
Then for each t > 0 there exist et > 0 and Fe > 0 s.t.

E(Xt)[ﬂ)2 < a§n¢uft ¥p e ¢

~—. -

Proof. For each t > O define
V(s) = B 0N DY 4o

Applying Fatou's lemma we have that Vt(¢) is a lower semicontinuous func-

tion on ®. Then since V. satisfies properties (2)-(4) in Lemma 2.2 the corollary

b follows applying the named lemma.
OOE.D.

A result of tnis type, involving a Baire category arygument, was first used

in the study of ¢'-valued stochastic processes in Mitoma [10].

WIENER PROCESS TAKING VALUES IN THE DUAL OF A NUCLEAR SPACE

Definition 2.2 A strongly sample continuous ¢'-valued stochastic process

4= (W), on (2,3,P) is called a centered %'-Wiener process with

N PSP o _J, A P L __,..,_-_,.',_‘,..,‘, P
el e AT Ry sj"\v".".\*. o L N L 1'.\- o, AAIA NI Y

PR - ) / {
:,h "f". l".n.a.l- Y, O‘C‘M “‘-. .‘ SN, -. 9'“3‘""' ‘.I by .Onll. K - u’ll'f " l.‘l.o l'. NadaXaXaXallak Kol x2

(4
s
£
4
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satisfies the following three conditions:

if dt

covariance Q(-,*)

a) Wy =0 a.s.
b) Nt has independent increments, i.e. the random variables
W [" ]' (w - W )[¢ ],...,(N - W )[¢]
M t, ~ Tty 'R th © thop o0n
are independent ¥ $loecestd, € &, 0 < tl Ct, S ... <t , N0 1.
c) For each t >0 and ¢ ¢ ¢
W, [¢] .
E(e t ) = e 1/2(tQ( ¢, 4)) (2.7)
wnere Q 1s a covariance functional, j.e. a positive definite symmetric bili-
¢ x &,

near form continuous on

Remarks
(wt)t>0 be a ¢'-Wiener process with covariance Q. Then

W, (6], ¢ e &, t >0}

is a centered Gaussian system and
(2-8)

E(W LolW [v]) = min(s,t)Q(e,9) ¢,v € ¢, s,t > 0.

Z, - tm

S.t. t

2.2 A ¢'-valued process (Zt)t>0 is a Non-centered Wiener process if
there exists m ¢ ¢' is a centered Wiener process.

We naw prove the existence of a ¢'-valued Wiener process following

Perez-Abreau [13].
{Y(t,9), ¢ € ¢, t > 0} be a centered Gaussian system of random

Let
(2.9)

Theorem 2.1

variables s.t.
= min(t,s)Q(¢,¥)

E(Y(t,9)Y(s,¥))

2t .

- e e S Ry
TR ‘*d
"L:aé:' fhi‘d.'

a2
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where Q 1is a covariance functional on ¢ x ¢. Then the following is true:

P : 1). There exists a centered ¢'-valued Wiener process W = (wt)t>0 with
Z;E covariance functional Q s.t.
S
1:5‘ Y(t,d) = Welol a.s. ¥oe9, t >0
:Fi 2). There exists q > 0 depending only on Q and not on t s.t.
=

We € C(R+,¢a) a.s.

:ﬁ where C(R+,¢A) is the space of strongly continuous functions from
f n:::.. R ] .

NS + to ¢q

;{ﬂ Proof. Letting V2(¢) = Q(¢,9) ¢ € ¢, V is a function that satisfies con-

ditions (1)-(4) of Lemma 2.2. Then there exist 8 >0 and r > 3 s.t.

{) Qfe,0) < en¢|£ Vo € 2. - (2.10)
i~

y 3y the nuclearity of ¢ there exists q > r s.t. the injection ¢ S ¢, is a
J’:- q '

by -"\.

Hilbert-Schmidt map i.e. if {¢j}j>1§ ¢ is a CONS for °q then

e ()

"‘ »
55

© 2
jgl o517 < =, (2.11)

o

)

Hence dy (2.9), (2.10), (2.11) and the monotone convergence theorem we have

Rrlrnte
e
L

2
Q(95,05) <te ) wg1° <=,

E(
1 j=1

2y _
1 Y(t’¢J) ) =t

Ne-— 8
ne— g

pas S

J J

;?: i Thus if nt = {we ng Y(t,¢j)2 < =} then P(nt)

o \ .
;:; Let {5J}J>l pe the CONS of oq dual to {¢j}j>1 and define

1.

o " A B WY Y n “q“.v T AR ".-k“d"‘w-"{ -d.‘ s
‘. (] l" I.| -" ', ¢ '| Xy 1Y '\-"\r\'ﬂ‘-i‘:"\"‘\. “d) \
P I IR AT
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'%1 (t’d’j)( WJ we Q
J—
~
Nt(“’) =
0 otherwise.
Then gt € Qa a.s. for all t >0,
”t(w)[¢j] = Y(t,¢j)(w) for wen
and
H(le] = L H (e 1ayLe]
For ¢ ¢ oq, b= ) <¢,¢J>q¢ = ) ¢.[¢]¢; it follows from (2.10) and
i=1 J:l J J
o1, < |¢|q r<q
that
n n
E(Y(t,9) - ) o;Led¥(t,0;))" = tals - 2 8;Cole5; o - ) 8;00d0;
j=1 J-l '=1
<tong - ) & (61¢. 12 . 0.
J"l J q n+o
Hence, from this and (2.12) we have
W.(el = ¥(t,0) a.s. Ypeo, t20.

It remains to show that W has a strongly continuous version.

We recall that if G

2
g

is a real valued Gaussian random variable with

mean and variance then

Then writing Xg = Y(t.oj)

. PR " o™
..... ,_.,‘.__,,_. o " _”w‘& .a,\

hX .‘c"‘o VAP, " Yoh i, "o‘. c‘!'n"' “'o"'o' VCSNIRT

AT E T TN pJ, \ -‘_v'_-._-__-_\y_-‘.y ..rww

A ?- 4.0‘1

e e Bl A e A Al Sl Sl 4 s A PP T T T T T T TR

(2.12)

)

zero

sl a'lh ‘¥ n. [ I. ‘(‘n" W

IO "-v“'-r'"’-r"a“' Y
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: J J
o B - xd)t = 3pe - s |2 ¢J,¢J)} . (2.13)
J Hence, using Holder's inequality, (2.13), (2.10) and (2.11) we have

o " e N Jj Jy2y2
o B, - Wt =EC ) (d - x)d)
" j=

. v oid L oydys I iy 2igk | gky2
E( %1 (Xt )T+ 2 j%k (xt SRR Wiy

r
5.
n
Hr~—g
m
~~
><
Cie
[}
-—
+
~
l\/

J oo oy koo ykyuy 12
(£0d - ) et - )

e =SB0 ) Qagie% + 2 L 0(65365)000,,8,))

1 j<k

H
th

It - s|?q 2 Q85,0901 = K2t - 5|2

§ Em, - “s’fq <K%t - s|%, K constant s,t e R, . (2.14)
)
\

Then the proof of the theorem is completed using the following variant,

iven in Itd [6], of Kolmogorov's theorem on the existence of continuous versions
9 )

§). for stochastic processes.

Theoren 2.2 (Itd [6]). Let X be a ¢a-valued process. If there exist positive

W constants a,B8,K s.t.
a 1+8
E(nxt - Xs"-q) < Kit - s}

SO then X has a continuous o&-version.

In the case of a special compatible family the index q 1in (2) of Theorem

3 2.1 can be cnhosen in the following manner.

122 NN
| '.‘-‘.‘- qf",\.'- . B
.'5 Ty > IFRE AN L LA
S R A L N N AR AN N AN A 2 O N

...........
.
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%
5

_3 Corollary 2.3 Let (@,H,Tt) be a special compatible family and assume the
K hypotheses of Theorem 2.1. Then there exists a ¢'-valued Wiener process

i W= (wt)t>u with covariance functional Q such that :
L W. e C(R_; oé) a.s.

{

L for any q >r, +r, where r, is given by (1.3) in Example (1.2) and rp is
-

: such that

\

[ 2

Q(9,9) < 81617 ¥ ¢ € ¢

a8 "2

-

.3 for some 8 > 0.

»

Proof

1
o Form the proof of Theorem 2.1, writing r, instead of r in (2.10), q was
)" .. . . s
™~ taken such that the injection °q<$ . is a Hilber-Schmidt map. But in the .

. _ ‘2
{ case of a special compatible family (see Example 1.2) the injection @q °,.
g 2

. is Hilbert-Schmidt for q > ST oo .
- Q.t.D.
> . :

- Some examples of &'-valued Wiener processes are now introduced.

‘j EXAMPLE 2.1. Let (9$,H,L) be a special compatible family (see Example 1.2 and
- Remark 1.1). Recall that (see (1.7)) there exists rL 0 s.t.
- » -2r,

;. 61 = 2‘ (1 + ,\J) < =
j=1 1
I and the injection oqC¢ o, is a Hilbert-Schmidt map for q » r + ST Let
?i <',°>0 be the inner product in H and define

Qo9 = <oy9>y 40 e 0.
:2: Then from Theorem 2.1 there exists a ¢'-valued Wiener process (wt)t>0 with
A
0"
‘\'

.o e, e Mt R GO R R T T I R L . o
> r:,'s', d.. “n -{‘\" \._W S ‘\ﬂ ’F ‘-'- \ "- ‘- '\l. . -{‘s‘( s

3 AT OO IS W M e, g T

GRS, ﬂ»‘q '«“‘..:“‘~ ,‘q'\'\',".. M) ‘Q' EX) LIV B l'r.ﬁ‘.‘\" PO DN o M o NN
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& . .

- covariance functional Qo s.t.

}:‘R

f;‘-

[} . ol :

. . We C(R+,¢q) a.s if gqgo>ry

o

- and will pe called a Standard Wiener process.

G

::} More generally, if r > 0 and

h~rs

v )

P

Qu(ds9) 1= <49, 6,0 € ¢

P tnen there exists a ¢'-valued process W e C(R_: @é) for g >r +r).
. As will be shown in later examples, in applications the Q is not always
0N .

AN

K> Jiven Dy one of the inner products on the Hilbert spaces defining 4.
%ﬂﬂs Nevertheless since Q 1is continuous on & x ¢, then, as in the proof of Theorem
@ 2.1, there exist 98>0 and r > Q s.t.

Q4,0) < 8141%_ Vg e 0

and therefore there exists a ¢'-valued Wiener process W s.t.

Yy
-'n'-'

]

.- We C(R+;¢q) for g >r +r).

»
.
[N

RS
‘\3: EXAMPLE 2.2. Let .2 (R) be the Schwarz space of Example 1.1 (see also Remark
LSS
:': 1.2). Then Lg ,LZ(R),-dz/dx2 + x%/4) s a special compatible family where
l-\

(9. .
J) J
is the inner product on LZ(R) and ry lp. Taking ¢

are the Hermite functionals given by (1.1), A, =3 - VY2, j > 1, <y
Z(R) and H = L%(R)

in tne last example, from (1.2) we have that if QO(¢,¢) = <$,¥>, then the stan-

j2l

3 ]
s

oA
i dard Wiener process W = (W), o in Q(R)" s such that W e C(R+;gA) tor
ot _ .
e, q > 2. Clearly, there is no smallest q such that this happens.
%.
¢:f For $ ¢ ¢ define
o
. (1) 2 )
w2 We "[#] = W.[D"8] where D = gz .
Iti (1) (1)
i Then the covariance functional of the ¢'-valued Wiener process W'’ = (wt Ve >0
ol
a
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~ is
b A (5,9) = 0 (0%,0%0) = <0%,0%p,.

1 '
We shall snhow that Ni ) e C(R,; q) for q > 3/2. In general we will prove

he f ing: = = (i
the following: Let Qe v) <4¥>; o0 €@ p >0, and let W= (W),,, be

B2 ARRRRN

the corresponding ¢'-valued Wiener process. Define

A

‘.,,~a¢,
”
' 4
x

u{Ee] = W (0% (2.15)

then wil) is a ¢'-valued Wiener process s.t. w(l) € C(R+;,g3) for

i
]
>

‘s
t I
Talsla

q>p+ 3/2:

S
‘.ll"

Clearly

|
s

O(l)(¢,w) = <02¢.Dzw>p b0 € & (2.16)

A

then from Example 1.1 for ¢ ¢ ¢

o

" .5 ;' -

rl
"y

o'V (4,9) = <02%6,0%> =
p n

"o~

2p .12 2
(n + 12)°F<D%,¢,>;

it

1Y
"e—g

.,
Y

1

. s
-
» o A

Al
O v
s

(n + ¥2)%<4,0% 52 (2.17)

n=1

But from (1.1) with the notation of Example (1.1)

e ,-‘:'\{_ [}

‘
| FOERRN

. -x"/4
Ix el = 00 090K) Ho_ () + H(X)- e (2n)"¥4]

R
A4 T

.
[}

'l.l
[ & Sy W

\. ‘t rl .

/T (/90X Hy_ (x) - 5 /9(x) H_(x)}

a
¥

;ﬁ /nT /g(x) Hn_l(x = /gix Y{-(n + 1) n+1(X) - Hn-l(x)}

/n! 2 /n! %042 /n /n +
-&'rﬂ ———— - (n + 1) ——— ¢ Q
,\*: Z /(n-1)! "z /(n+l)! “Z7n .__—Z—— n+2

) i.e,

-------------- '\*-. o TV T A . e AT e .
J"J)-*""“"’\"w\{ ,_.r\_g./:-_.~

Y
’u.‘o IO A M T X LN if."" . H N

-------



N d _in /n + 1
(v dx *n+l T 7 % -7 a2 -

Hence

'l.l'l

P

Jalale el
'-ll'-

d . /n{n-1) ( 2n+1

a” - _ /(n+l)(n+2
2t T T + Ljne2)

I )¢n+l 4 °n+3

(i

and

2
AN

/.;f‘ [l

/(n-1){(n=2) 2n-1

2
<0D70> = St mEl <,y 00 - () <00, ¢

> .‘&)- &

<$,0

e e

i%iﬂlll n+2>o (2.19)

=y
<

= 31<0: 002270 * Bp<hadn>g * Cr<udn0%

PO L
PP
A A A

R where a,,04,¢, = 0(n).

Then from this and (2.17)

= Q(l)(¢,¢) < g % (n +.% )29+2<¢,¢n_2>§ + a % (n + % )29+2<¢,@n>§

-
LN N )
. 8 X

- o & N

4 4
L

feglne 7 )% %0000

v »

' 2
’ < “"¢"p+1’ (a,al,az,a3 constants).

,,.ﬂ Since the injection XQQ %pﬂ is Hilbet-Schmidt for q > p + 1 + 1l =p + 3/2,
1 Qﬁ we have shown that the ¢'-valued Wiener process given by (2.15) is such that

1)
- N(l) € C(R+;2q) a.s. for gq»>p + % .

A Cylindrical B3rownian motion

Ho

- .-

L
e ]
E; Definition 2.3 Let H be any real separable Hilbert space with norm gs1t A
N

family {B,(h): t e R,,h € H} of real valued random variables is called a

o
J‘

bt - cpp- e . .
U V 3 P P P i i Tl P £ Tl A N T T PR P P T T SR e - . B )
RTINS RN P LT S T | Lo N
. LA g T T i Y R 7% ) A

"“n‘..'t PN A W ', *),' (', ""' * “""‘ O AY o““n‘i OO0 A SALALAAN DN IR ] h,‘t +.8%y. '\.""’" !

L e R I T I I o I S TS
A Yt

., N q._.- PSP

N .
. e e e




::. -26-

"t
::: Cylindrical Brownian motion (c.B.m.) on H if the following conditions hold:
(1) For each h e H h # 0, uhnngt(h) is a one dimensional
ﬁ: standard Wiener process.

)
LA

{: (2) For any o,a, R and hyshy € H
e
o Belaghy + ayhy) = o8y (hy) + apB,(hy)  aus.

’.:_;: (3) For each t >0 and h ¢ H Bt(h) is an ’.}t-martingale
§¢
e where
o ‘

’:. }t=c(85(k): s <t k eH) .

s
o
'- From (1) we have that ¥t >0 and h e H
e 2 2
E(Bt(h)) = tahn,

-'.'.' and therefore since by Sazonov's theorem exp(- % nhlz) is not the charac-
teristic functional of a countably additive probabiilty measure on H, there
R does not exist a process E-t in H s.t.

D) By(h) = < B,,h>.

\)

o~
ar From (1), (2) and (3) we have that
W, -

-r..:-

' E(Bt(h)BS(k)) = min(s,t) <h,k>, . (2.18)

'-;‘_-

:,_.: R . n - . :

:::_ [f {en}n>1 1s a CONS in H, Bt Bt(en) is a sequence of independent one
- dimensional 3rownian motions, and if h ¢ H
S o0
+L =
> h = )‘ <h,en>H en
g n=1
S
= for
WY
L)

s
0‘-_
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AN
N "
-:‘:: h(n) = l <h,e.> e.
‘r'\ i=l 1 H
: n
»
“ﬁ B (h(n)) = }’ <h,e.) BJ.
W t . L J H t
,&7‘,’» J-l
-
& '
lfn! For n >m,
) n
v j=m+1
Sy
e
HT? and therefore
s B - N J \
22 (h) = } <h,e.>BY a.s. ¥t >0 and h e H. (2.19)
e t 4 i’HPt
o
; Conversely if Bi(j > 1) 1is a sequence of independent Brownian motions then
3;;% B, defined by (2.19) is a c.B.m. on H. (Note that the RHS of (2.19) converges
s
o a.s. for each t » 0 and every h ¢ H).
"’.-_-
TN The following result relates ¢'-valued Wiener processes and cylindrical
\
:njn . Brownian motions.
)%
22
jﬁf‘ Theorem 2.3 Let W = (wt)t>0 be a ¢'-valued Wiener process with covariance
'l
- functional Q. Then W defines a Rigged Hilbert space
:o"t
‘e
" S HY S o
‘on
.;!!" -~
. and a cylindrical Brownian motion W on HQ where HQ is the Q-completion of
."'-l
Sj 5.
7!
5{13 ’ Proof. Since by assumption Q 1is a positive definite continuous bilinear sym-
i;;: metric form on ¢ x &, Q(+,+) defines an inner product on & x &. Let HQ he
- the Q-completion of o. Since ¢ is separable then H, is separable.
TS i j
LS ~ J-
{0 Let {3;};,€ o be a CONS for Hy. Then (,§;,), where W o= W [s,],

is a sequence of independent standard Wiener processes since
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ik, o
S E(WiW,) = mm(s,t)QHJ,@k) = mm(S.t)GJ.K
For n H =

Y ) € Hy n jzl <N, 4. >Q i

Ntﬁh] 1=

—

<h,¢j> W
J

‘;) defines a c.B.m. on HQ as in (2.19).

k. ¢'-VALUED MARTINGALES

Most of the material in this section is taken from Mitoma [10].

< Definition 2.4 A ¢'-valued process M = (Mt)t>0 is a ¢'-martingale w.r.t (3't)

if for each ¢ e ¢ M[(s] is a martingale w.r.t.('}t).

e Since it will help in our later work, we shall also assume the additional
) condition
EM LoD 2 <= ¥peo t 0. (2.20)

‘u,- Theorem 2.4 Let M Dbe a ¢'-valued martingale w.r.t. ( 3&). Then there exists
B ~

E) a $'-valued version M of M s.t. the following conditions hold:

- (1) For each T > 0 there exists p = pr > 0 s.t.

>

N M e D([0,T;8) a.s.

. l:’l::(,
Y

P
T4

where D([O.T];¢6) is the Skorohod space of right continuous functions with

-’

left hand limits (r.c.l.1.) from [0,T] to ¢6.

~

S0 (2) M is r.c.l.1. in the strong ¢'-topology, i.e.

;ﬁ M e D([0,=):9') a.s.

f e e n e e " . LIV St Y LR T N o "I," " 'u' A
A W ’Qv L 1 W, ™

y
K ) X l l A s’.,t e i'.. 0 A.l,o.b,a ” t."i. X .'g '* oA

Gl
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: , . 2
°roof. (1) Fix T > 0 and define Vi(s) = E(MT[°]2)' Then by Corollary 2.2

there exist 3 = eT >0 and r = ry > 0 s.t.

-

V(o) < Bror.  ¥o e 0 (2.21)

<2t ) Dde a countable dense subset of [0,T]. Then by(l.3) VI 1in [3], for
» = P

E(sup M [9]%) <4 sup (E M.4]%) = a(E M [6)?) . (2.22)
ted 0<t<T

Let g > r be such that the injection map ®qC; ¢ is Hilbert-Schmidt,

t.0. 1f (3.} oy i
2 xbj}J>1 € 9 1is a CONS for °q then

toj1l <

He~—g8§

j=1

Then from (2.21) and (2.22) we have

0% ) 1e51? < =,
J:l . !

e

”n

e~ g

sup (M [4,1)%) =

2
51 tep ; E(sup (M L45])°7)

1 teD

we-—

. _ L 2
So, if :21 = {we L Sup Mt[¢,]] (w) < @}, p(gl)

J=1 teD

1.

Since each real valued martingale Mt[¢j] has a right continuous modifica-
tion X%, writing
J J
Qt = {we Q Xt(w) = Mt[¢J](m)}, we have

P(ﬂ%) =1 for t e 0. Then the set defined by

Q L n m JnQ
2= U0 j>1s§) 1

has probability one and if w ¢ ¢

N e toa
....... ARSI RO
NN e T .\,.\\\\.’

o
o e
Y

RN E O

AL RS SR R Tt S e
AN R AT T AT AT NI m‘\(‘"x‘:l
R sl AR OIS LRGNy
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Let {$J}J>l be the CONS of oq dual to {¢J}j>1 and for 0 <t < T
define
v d
Lo XS(w)s. wE R
j=1 t J 2
Mt(w) =
0 otherwise

Then for 0 <t < T P(Mt £ o&) =1 and ﬁ;(w)[¢] = Mt(m)[¢] for all 4 ¢ @
w € 32, i.e. ﬁ; =M, a.s.
Next since for s,t ¢ (0,T] and j > 1

Jj ] 2 j 2
X (w) - X(w)|* <4 JSup ()%, (v e ),

by the dominated converygence theorem, fixing w in

Tim M (@) - M_(w)82 = Tim 1 ) (xd(w) - x(w)) . n?
sit C M B 5 B U o0
= vim ) e - K@= ) vim (e - K] =0,
set j=1 s J=1 s+t :

the last assertion following from the right continuity of X%(m). [n a similar

fashion the fact that Mt has left hand limits in the #e1 _-norm is shown.

q

Thus we have proved that for each T > 0 there exists dr > 0 s.t. M, has a

-~

r.c.l.l. version M in the 18«3 -norm, i.e.
t qr

M! e 0([0,T]; %)

(2) Let T, t = then by (1) there exists q, s.t. M, has a version

~T
M " owith
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With tne notation used in the proof of (1) let n3 = N ng. If we 93 define

for 0 <t < =
Mt(w) = M (w) for T,y <t <T,, (T, =0).

Then P(M e ¢') =1 and M(w) = M. (w) for w e Q5.

Hence for t > 0 and = > 0 there exists at >0 s.t. if t > s + Gt

for 't < T  and therefore for any bounded set B ¢

-~

sup [(M(w) - M (w))(od| <&, t>s+s

peB t

i.a, Mt is strongly right continuous. A similar argument shows that it has

left nand limits. Q.E.D.

Remar«s

2.3) The above theorem can be proved without the assumption (2.20). The
proof is very similar to the one given above using (1.1)VI of [3] instead of

(2.22).

[AS]

4) If M. is a ¢'-valued martingale s.t. for each ¢ ¢ ¥

sup E(M.[9]%) < =, (2.23)
O<t<

-~

tnere exists g > 0 s.t. M. nas a version M, ¢ D([O,u),oé) a.s. This is seen

4siny the fact that if D is a countably dense subset of R, then from (2.22)

2 sup (M,[81%) < 4E(M 9]
ted

Tne next tneorem is proved in a very similar way to Theorem Z2.d.

T AT IR :.“\'.«' -, e ’ '-.}- "~ 'N"uJ ” .-;-. }J.‘.". . \l -" "\ -;\ RN
R COy RN
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Theorem 2.5 Let M be a ¢'-valued martingale such that for each ¢ € ¢ Mt[¢]
has a continuous version. Then there exists a ¢'-valued version M of M such

that the following conditions hold:
(1) For each T > 0 there exists p = Pr > 0 s.t.

f:q £ C([O,T];@F')) a.S.

~

(2) M is continuous in the strong &'-topology i.e.
M e C([0,=);%') a.s.

(3) If sup E(M [¢]2) < = then there exists p > 0 s.t.
O<t<» t

MocC([0,=): #)  aus.

An example of a ¢'-martingale is the ¢'-valued Wiener process with

e - oW, [4]; 0 ¢ s <t, 9 €0

and for which (Theorem 2.1) there exists a continuous version on C([0,=); o&)
for some q » 0. This shows that condition (2.23) in Theorem 2.5(3) is not

necessary for a ¢'-valued martingale to have a version in C([0,=): &'

p) for some

p > 0.
The following example (due to G. Kallianpur and S. Ramaswamy) gives a ¢'-

valued strongly continuous gaussian martingale M_ for which the following is

10t true: There exists p independent of t s.t,




S
r\Y »

hha Ade Ade £ Mol aae ate 4l

EXAMPLE 2.3 Consider the CHNS of Example 1.2 i.e. (4,H,L) is a special com-

M Bde- A ol cai dad e h Ad ank anft o h Sad Al dod s sl aod Sed Bt anlNad- e B S ds i A Audc it At

A ARAC AR 'v-vv-vT

-33-

-r

. . 1. . .
patible family where (1 + L) ~ 1is a Hilbert-Schmidt operator for some r1 4]
Le. = x. o.
AT IR
® -2r
L1+ ) l (e
i=1

for {¢J}J>1S ¢ a CONS for He
Define for s ¢ [0,») and ¢ ¢ ¢

f(5,¢) =

2 S
j (1+XJ) <¢J"¢)o

e g

1

Let (3 s >0 be a real valued standard Brownian motion. Since for each t > 0

s)
and 3 ¢ %

f(s,¢)2ds < »

C—ct

then the Wiener inteygral

t
)(t’¢ = é f(s,¢)st

is a Gaussain martingale for each ¢ ¢ ¢. Since f(s,¢) 1is linear and con-
tinuous in $ then tne linear random functional

Xt,¢: ¢ » Lz(Q)

is $-continuous. Hence, by the reqgularization lemma there exists a ¢'-valued

random variable Xt S.t.

Xt[¢] = Xt,@ a.5. ¥ e d

3
.7
Then for }t 2. (Xt'}t)wo

X._%] nas a continuous version. Hence Hy Theorem 2.5 X has a strongly con-

is a ¢'-valued martingale such that V¥¢ ¢ ¢
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' *}S tinuous version also denoted by X.

zf: Now suppose there exists p > 0 s.t. Xt £ oé a.s. ¥t » 0. Take
2

p > Pl and consider

"
P
ia

(4

A
3

G
; (1 + AJ.) b

'y %
PR
ol

'

S Tt I
]
©
—
2
~
]

ne~——25

Then ((")} converges in %, to ¢ say, and therefore Xt[¢(")] » X [el.
n +w
But since Xt is L2-continuous

Pl 2
A

ol o o ot

Y,

oL

ExLo(MIY) » (X LoD2 < ¥t >0 (2.24)

Nn-»o

. e
.
"j Y .':I‘..l.’

i a3 &

the finiteness of the limit being a consequence of Xt[¢] being a Gaussian ran-

WM
} S Y S .

dom variable. On the other hand, if t > p + s

‘@R
3 Alam

E(x, Lo ™1%) Ak

]
m
—
we—23

(1 + 1) )

e .‘r.".ﬁ:‘
[ Y
>

-p-r
(e teg)) s -

"Q‘
-
u
Ot
—
-
—
w
-
He~—>

-
'l'“"l‘l‘v."
STl T

-p-r.+s
1 )2ds

¥

t n
[ L ey
0 =1 .

U [
oA e

‘l,
-

-p-r +s
1 )zds

‘.,
A
v
—
—_
nhe— S
—
—
+
>
=

l‘.
l“l‘ll‘
©
+
3
—
[

P
4
[l

£

Then by Fatou's lemma

A
1,"n N

vim £(x,[(™]?) = =

- !'. f. ’, s,

L
[N

which, in view of (2.24) implies that E(Xt[¢])2 = o, 3 contradiction.
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Proof. We first assume that f is a bounded function, i.e. |ft(m)l <K

=35

STOCHASTIC INTEGRALS TAKING VALUES IN A DUAL QF A NUCLEAR SPACE

Consider a ¢'-valued right continuous martingale (Mt)t>0 w.r.t. a filtra-

tion (3t)t>0 such that
E(M [9])2 <= ¥ c & and t > 0.

Then for each $ ¢ ¢ there exists a predictable right continuous, non negative

increasing process Ag such that Xt[q;]2 - A: is a martingale, which implies

that

E(x,[8)% = €Al (2.25)

Let 2 2(M) be the class of real valued predictable processes

f:R+ x 2 + R such that
b2
E [ fi(w)dA®w) < ®»  ¥p e o.
9 S s

Before introducing the definition of the stochastic integral of a real

valued process w.r.t. the ¢'-valued martingale Mt we prove the following

lemma.

Lemma 2.3 For f ¢ i}(M) and t > 0 define

t
f - 2
V(o) = f(w)dAd(w) (2.26)

f . . .
Then Vt is a continuous function of ¢é.

-

t >0 and w» € 2. Then by (2.25) and Corollary 2.2

f

e

b _ 2
$) <K EAt = KE(xt[¢]) < Ketnq,urt ¥o ¢ ¢
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which implies that VZ(¢) is &#-continuous.

Next if f ¢ L2(M) define
fK(t,m) = f(t’w)l[-K,K] (f(t,W)) t > D, w € S

2
Then [f (t,w)| <K and fe(t,w) + f2(t,w) ¥ t >0, we
Denote by v¢ the measure on the o-field of predictable sets defined by

the relation

d
[ g v,

t
= E é ngAz
where g is a non-negative predictable function. We have, using the monotone
converygence theorem that
t t

EJf2da®= | fzdv¢ = lim [ f2 dv, = lin E | fr da®,
0 (0,t]xq ks [0,t]x0 kso 0

Hence V{(¢) is the limit of the increasing sequence of continuous functions
f
} f . . .
Vt‘(¢), and therefore Vt(¢) is lower semicontinuous.
Then the Baire category argument (Lemma 2.1) implies that V€(¢) is 0=

continuous. " Q.E.D.

We now define a ¢'-valued stochastic integral for f ¢ j:z(M).

Definition 2.5 Let f e [2%(M). For ¢ e & define

t
Yo (e) := é fo dM (o]

where the RHS is the real valued stochastic integral w.r.t. the martingale

Wt[¢]. Tnen Yt(¢) is a real valued martingale with a right continuous ver-

sion and by Lemma 2.3
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t
E(Y, ()2 =€ [ f2 4n?
5 s S
is a continuous function of &. Hence the linear random functional

Yt(-): 5 - Lz(ﬂ,} ,P) is continuous and by the regularization Lemma there

exists [ _{f) ¢ ¢ a.s. such that

-

L (F)0e] = Y (9) aws. ¥ s ee, t>0.

By Theorem 2.4 there exists a version, also denoted by It(f), which is
r.c.1.1. in the strong ¢&'-topology. The right continuous ¢'-valued martingale

()

1s defined to be the stochastic integral of f w.r.t. the ¢'-valued martingale

Mt'

We now introduce a ¢'-valued stochastic integral of a ¢'-valued process

A.r.t. a real valued martingale.

Definition 2.6 Let m = (mt) be a real valued right continuous martingale

such that E(mg) <= ¥ t >0, Let A, = <m>, the integrable increasing pro-

cess of M.. Let (F¢)y,9 Dbe a predictable ¢'-valued process such that

t
E f Fs[¢]2dA <o ¥ ¢ ¢ and t > 0.
B S

Write
t
To(s) = [ Flolam,
then
2 t 2
- [ :
B0 (00 = € [ Fo[9]° aA
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B

Z:ﬁ-? and by the Baire category argument, the regularization lemma and Theorem 2.4
'-::'

Ko tnere exists a ¢'-valued right continuous martingale Jt(f) s.t.
‘o]

*_4 Jo(F)[e) = Y. (9) aws. ¥ pes, to>0.

F AN

:-;:f t :

%% We define Je(F) =] F,dM, as the @'-valued stochastic integral.
: 0
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= LECTURE III
e
{1
. - ORNSTEIN-UHLENBECK STOCHASTIC DIFFERENTIAL
}:; EQUATIONS ON DUALS OF NUCLEAR SPACES
o
~::-4
- i . .
:js‘ We now introduce a special class of linear stochastic differential
‘\
Ny equations with values in duals of nuclear spaces, namely Ornstein-Unhlenbeck type
e
N . . -
'};: processes with a nuclear valued martingale as a driving term.
‘bﬁ Let (,3,P) be a complete probability space with a right continuous
::F: filtration (‘}t)t>0‘ Let ¢S H S ¢' be a rigged Hilbert space, A:¢ + & a
>
-\ : : .
!siq continuous linear operator and (Tt)t>0 a strongly continuous semigroup such
LY
~on
'5F~ that (%,H,T.,A) 1is a compatible family (see Lecture ). Let (M.) be a
¢ t titad
A 3'~-valued martingale (Definition 2.4) which is right continuous with left hand
:%: Timits (r.c.1.1). Consider the stochastic differential eguation
{ dg, = A'gdt +dM, £ > 0
o (3.1)
= -
b 50 -n
o
s _
u:f where n is a ¥ O-measurable $'-valued random variable and A': &' + &' s
;)_, defined by the relation
NS
oy
S A'fle] = fLAG] ¥ f c 8 , 4 ¢ 9.
a1
o

.v‘b

N

A special case of the SDE (3.1) is

a

'!k‘v“- ’, 'v"v.“l}

T
o dg, = A'g.dt + dW t >0
v Et “t t (3.2)
o
EO = n

R _':?t

where Wt is a %'-valued centered Wiener process (Definitiaon 2.2) with

covariance Q. From Theorem 2.1 W. e C(R,: @A) for some q > 0 where g

< L e

e
[

depends only on J and not on t.

R R R Y RN S AT A AN VR R I AT AT ST AT R S PR AL LI I T RO

ol Al
'0.0 ..i -'{r ﬂ;ffr r& x; j;"‘? 7
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o

g

'*Ej In this lecture we solve the SDE (3.2) (Theorem 3.1). The general mar-
:ﬂ: tingale case (Theorem 3.2) was considered in Christensen [1].

L. . ey

e Definition 3.1 We say that the SDE (3.2) has a ¢'-valued solution ¢ = (Et)t>0
.:‘-!:

}:} if the following four conditions hold:

ol

2,2 i) (Et) is % y-adapted and ¢'-valued.

D

\,::‘ t

o . i) g 0e] = v(e] + é g[A 0lds + W. (o] V ¢ €¢ a.s ¥t >0.

: iv) For each T > 0

B )

N

2 E( sup g [0]l") <= ¥ ¢ e

e O<t<T

o

;ili Remarkx 1. Condition (iv) above is implied by the following condition: for each
o T

o T
{ EJ (SS[AS¢])2ds <o ¥ ¢ €

0

L Al ]
(O T TR

il
» S R I T
st e e
S e
’ el

Proposition 3.1. [f (&), 5 is a solution of the SDE (3.2) then for each

T > 0 there exist 97 > 0 and a version of £ (denoted also by £) such that

4

‘. A.
Y
T 4 &

g
}l

%
z

T |
g, ¢ C([0,T]; ¢qT) a.S.

gty

and

l‘_ 2
GO

oy
£

t
.00 = v[o] + é (A 0dds + W.[4] ¥ 4o, 0<ct<T a.s,

o

o
-~

Proof. Given T > 0 define

PRt
', ...t

L WY )
[}

N
—
©
~—
1}

EC sup_ |g,0117) .
0<t<T

X
N A& .

<
» .,
N
5‘_.

/
02 Then by condition (iv) in Defintion 3.1 GT(¢) <o ¥ 4 ¢ d and clearly




.& -4]-

Gr(op + 9p) < Gplo)) + Gr(ey), Grlagy) = [alGr(e)), ;.9 € 0, a e R Next
sup ]at[¢]| is a lower semicontinuous function of ¢. Hence by Fatou's
o<t<T
Lemma GT(¢) is also a lower semicontinuous function of ¢. Then by a Baire

category argument there exist eT > 0 and T >0 s.t.

E( sup IET[¢]12) < eTu¢uf ¥ ¢¢d
0<t<T T

Let py > f1 such that the injection map ¢p{:* ¢.  is Hilbert-Schmidt and let
T

.}, < i : RS ' .
{¢J}J>1 < ¢ be a CONS for opT with dual basis {@J}J>1 a CONS for opT
Then ‘

E( ) sup |Et[¢j]l2) <8 ) n¢Juf < »
j=1 Oct<T J:l T

Cefine
2ro= {w ) sup g (w)($;]]% < =}
T Jj=1 0<t<T ¢ J

Then P(QT) = 1. Next define

TN
> X

LA,

5(;(“’)[%]%‘ w € QT

o

n~— g
—

J

L

g () =

Pl

»
o

thT

.

v e
x
5 gtal

x

~ -

Hence, & € o&T 0 <t <Ta.s. and & (w)(4] = gt(w)[¢] ¥o € & and w € Q.
Moreover by the dominated convergence theorem if tity € (0,T]

~ -]

lim 1€ (w) - (w)1 = 14 (e (w)l9:] - (Wl 1N% =0
tat, % %o(u'”t JIOJEI % 3R J

-

i.e. ET e C(L0,7]; 05 } a.5. and therefore
T

Plw: Mr(w) := sup ﬂ. 12 < ®) = 1.
T 0<t<T . =P
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9
*xi From now on we will write instead of :
"G % See
N
bt Next for w e @ and 0 <t <T define
‘O N
e t
e w)(A.¢lds
felwllol = [ g(u)lage]
-4""\'
3% We will show that YT(w) e C([0,T];9" ) for some 2y > 0:
!LT
—
,}§§ Y ()83 < Mi(w) [ 1A_o8_  ds. (3.3)
2dd t T TPy
W
o '
e Then using the continuity of the map s =+ AS¢ ¥ ¢ e ¢, by a Baire category argu-
y:; ment there exist 6* >0 and Nt > pr S.t.
W,
'):?
A sup |Y [¢]| m) 8' n¢n ¥ ped .
g 0<t<T r
) 1
e
NN Then Y. (w) e & ¥ 0<t<T we Let 2; > n; be such that ¢, ¢
o t Ny . T> M e %o
;ﬁﬁ is Hilbert-Schmidt and let {e‘]«}‘]-)1 C & be a CONS for °£T with dual basis
- . : .
(* A (ej}j>1 a CONS for QET. Then
A
--,,-., o a
i L sup lYt(w)[ejjl2 < M%(w)O% )] IejI§ < =,
K. Jj=1 0<t<T Jj=1 T
-, q’,'

Hence since from (3.3) Y. (w)(4] is a continuous function of t on 0 <t <T

wl for each 3% e 9, by the dominated convergence theorem we have

o’
;;'5 -
Yo ry .

MY (w) - ¥y (@), = Tim ) (Yle ) - ¥, [eD? =0 t,t e [0,T]
o tot, o TH tat el J o

-" ’

Pk
- l'

o

SNNNT
a A

| 4

i.e. (w) e C([0,T]; w €
”T t o
Then we have shown that / A; gsds € C([O,T];blr) a.s. for some 2y > 0. Hence
- . 0

X taking ar = max(ro,q,pT,iT) we have that

t
o Z, = v+ [ Al £.ds + W, ¢ C([0,T]; o ) a.s.
B :::3- t é s s t T

- - . . - - M e y
I S, n‘ -f l‘.r 1 n e l " l.* »‘-'u'.»-'- L . l.c"_“f“.\l.‘ RN NTe e A AN Y O

T e e S S
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.fj Then by conditions (ii) and (iii) in Definition 3.1, for each T > 0

0<t<T) =1 Q.E.D.

ot

1az;, Theorem 3.1 Let (¢,H,Tt) be a compatible family and assume that there exists
2 1)

'l ) '0 > 0 S-tc ‘

Eﬂf\ﬂzr < @,
Q

oy -
R
‘I“ "‘ l~ l" ]

-

Then (3.2) has a unique solution given by

,.-.
‘A
" l"“ “l f‘
"
—
cr
3
+
—
>
—
t
]
w
=
w
Q
w
+
X
cr
[+Y]
(%]

CEER

'l
s

7
’ s
o
L]

L s

P
"“ .’-"l .
«’ stnim

P

§.Le] = nlT 0] + é WelTy _gAolds + W.[4] ¥ ¢ eo (3.4)

Ny
9‘,‘
i

~ .

satisfying the following properties.

& .
Lo a) For each T > 0 there exists p = Pr s.t.

‘: - PT [} 2
c(Lo,7]1,9 .5« and E{ s 1 =,
J g, ¢ C(L0,T] pT) a n ( sup Etu_pT) <

, 0<t<T
ol
‘.::-.':- ;
e f {e.}. i ; .= .
L o) If f{ej}; )€ ¢ is a CONS in 4 and & := gle;] tnen
NN
A ) Eg e. converges uniformly in [0,T] in ¢' a.s.
SR i=1 J P
SO J
){,.
jiﬂj ¢) If in addition (9,H,T) 1is a special compatible family (see
! x),:
- Example 1.2 and Remark 1.1) from Corollary 2.3 we have that !

SN q >0+ Then the solution ¢§ = (st) of the SDE (3.2)

is such that ¢ ¢ C(R+;¢6) a.s. where p > max(r; + ro,r.)

is independent of t. !

ARy '.-{'_\':;,:.-'.’n‘ - :{-‘*.}:.?;;;::.;:;.;e;.-_;-:.".
, (W) 4 :
T r .!'I.o.l & Ch .-'4".1 -'O.o't‘.’

qqqqq

«
e -l-.l L) o
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We will give the proof of (a) and (b). The proof of (c) is given in Kallianpur

and Wolpert [7].

The following Lemma will be useful in the proof of the theorem.

Lemma 3.1 (Christensen [1]) For each F € % and s < ¢t

uA@]du Y o¢d. (3.5)

t t
F[Tt_s¢] - Fle) = | F[TU_SA¢]du = F[Tt
S S

Proof. Since we have a compatible family -(Q’H’Tt) rt|¢ is a strongly con-

tinuous semigroup on the ¢-topology and if

. Teo -0 .
¥={¢ e & lim ———— = A in the o-topology}
e+0 €

then ¢ 1is dense in &.

Then for all ¢ e ¥ and 0 <s < t,

d
35 FLT 81 = FIT,_cAs) and

t
FOT, 81 = FLe] + g FLT,  A¢ldu

Al . Define

Next for some q > 0 |FCTU_SA¢]| < nFu_qlTu_S q

G(o) = sup T, _ Ao¢t
S<u<t

q
Then by the continuity of 7 and A G(¢) < » ¥ ¢ ¢ & and it is a lower

semicontinuous function of ¢. Then by the Baire category argument there exist

8>0 and r >0 s.t. ¥ u e [s,t]

uTu_SA¢|q < eulr ¥ ¢ ¢ o,

Hence, since F, T and A are continuous, by the dominated convergence

theorem if by » 4 in ® ey
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kL
o t t
e
N JFIT _Apgddu » FLT,.cAs)du
Ny S n+e g
i
at The second equality in (3.5) follows in a similar way. Q.E.D.
N
e Proof of Theorem 3.1 Let :21 be such tnat P(.’zl) = 1 and
L
N H , e C -8
._}. W€ fll > Wol(w) ¢ L(R+,0q).
»] t
Step 1. For t >0 themap ¢ » | WolT,_(As)ds is continuous and linear on
0 N
_;i.j $:
o
Let ¢ ¢ &, then
Y t t :
.. | éws[Tt-sAﬂdS\ <g "ws"-q th_SAqus
[
W )
< sup MW . R.($) (3.6)
. Oesct > 4 t
I wnere
@
’J' . t
{ Re(9) =6f T, sAMq ds.
,r:‘.
{'3'
-‘\D »
3 Next %, » ¢ in & implies "Tt-sA"n"q > uTt_SAa;nq . Then by Fatou's lemma
W
¥ Re(0) < 1im Ry (o)
= |
3’;.: 1.8, Rc(” is a lower semicontinuous function. For a € R clearly we have
~. ,
e ,
g Relas) = fajR.(#) and for 910 by € @
Re(oy + 05) < R.(4) + R.(9)) o
= Hence since Rt(¢) < =¥ & ¢ 9 by the Baire category argument Rt(ﬁ) is con-
s
::‘3 tinuous in $ and there exist et >0 and Py > 0 s.t.
v
oy
-’..'
“
$\; Rt(¢) < etunrt Y ¢ ¢ 9.
I
i
"
$:§
o
o4
o L LR AT P A I A S '?;/ s ‘-'\'-',,;::\J',_'J" T e e ST TN T N T ALY '\&‘:4:’
~ . " - 2 . p) * o . AR CRERTS \
R - L SN AR Tt A e A IS ‘.‘f.' ' IO ‘ NI y ooyt
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»

A

? Then from (3.6), for each fixed t > 0
o
b t
- | J W (T  _A¢lds < 8 sup IW_1 c 191, ¥ p e o
. g S t-s Lot S 9 t
&:
) t
Dy and thus the map ¢ + | Ws[Tt_SA¢]ds is continuous and linear on ¢. Write
! 0
-,
. , ot
= 5 T (J) NelTp_gRelds .
-
For each t » 0 define
E Tin(w) + g (w) + W, (w) if wen
$ E(w) = (3.7)
4 0 otherwise
~
\
P
N Step 2. We check that & 1s a solution of (3.2). Let we 2.
s Using Lemma 3.1 with F = NS and ¢ +» Ap we have .
2 t ) .
. Wo(w)lTy _cAe] = W (w)[Ap] + sf Wy (w)[T,_(A¢]du (3.8)
B Using again Lemma 3.2 with F =n and s = 0 we obtain
'w t
* n(Teod = nle] + [ [T A¢]du (3.9)
< Substituting (3.8) and (3.9} in (3.4) we have
t
-i & (w){e] = n(w)(4] + é n(w)(T A¢ldu + W, (w)(s]
e ‘
t tt 2
: + W (w)[As] + [ [ W (w)(T,_A%6]duds
- 0 0s u-s
"'x
’\
I
)

Interchaning order of integration in the last term of the last expression and

= using (3.4) we have
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!.,

2 t

X S(allod = n(w)ls] + [ n()T A0ldu + Wy (w)T4]

N
* t tu 2
LY. + [ W (w)[Ae)du + | [ W (@[T, _(A61ds du
AN 0 00

\.,:
£ = n(w)lo] + /5 n(w)(T Apldu + W, (w)(s]

D)

2 ‘ y 2

2 + ] W ()R8 + | W (w)T,_A%6]ds}du

o 0 0

At

1.- A

.8 ¥ 9ed and 0 <t T

o t
P S (w)la] = n(w)ls] + é Gulw[Aeddu + W (w)(e] w e .

‘.‘,‘1

._r. Hence condition (iii) in Definition 3.1 is satisfied. Observe that .
_:'.:,'j (tyw) = & (w) s @(o')/@(a,{) x T -measurable and for each t > 0 & is
.r:'!‘ ~ d,n

< 2 .’ -measurable where

A t
¢ W

e '}t’" = o{n[¢],NS[¢»]: S <t, ¢ € 8} V {P-null sets}.

o

N

| I
:-)- Next, from (3.4), the assumptions on W and n and Step 1 we have

._j

A

b E( sup (6,0eD)?) < 3E( sup_ (n[T.e)?)

;-.: o<t T o<tgT

1T

‘r_ t

: #3E( sup ([ W [T, Aslds)?)

A 0<t<T 0

3

l'l

L,

. 4.

B + 38 ( sup (Ntw])2

4] o<t <T

:’.;; < c% n¢ur§ <o ¥ ¢ped (3.10)
- T

' for some constants ¢r > 0 and my > 0, whicn shows condition (iv) in

r,

A Jefinition 3.1. In the next step we shall show that £, satisfies (ii) in
AN

o,

xf,'z Definition 3.1.

"4}
LN o ML M) X M
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Step 3 Let pr > my s.t. the map 09{59 9,  1s Hilbert-Schmidt and let

T
with dual basis {éJ} a CONS in &' . Then

). C i .
{ej} E ¢ be a CONS in ¢ sl -

J
using (3.10)

PT

EC ) sup (&fe.D)?) <Cp ) ret? < om,
J:I 0<t<T T T js1 9™
Let 2y = {w L sup (et(m)[e~])2 < w}, then P(nz) = 1. Define
j=1 0<t<T J
« |
plw) =
0 w £ Q.
Then from (3.10)
E( sup 102 ) = g sup ) (st[ej])z) < Cp ) e 1’ < w
o<t <T Pt 0<t<T j=1 j=1 3 M

It remains to show that the series converges uniformly in [0,T] 1in the

~

®§T—norm and that g (w) = g (w) a.s. in 0 <t <T. Define

n
Sp(thw) = ) g (w)ie;1é,
j=1
then
sup 1S i (t,w) - S (t,w)1> +0 as n',n > e
OcteT " n PT

and S _(+,u) € C([O,T],@_pT). But since C([0,T],¢ 0 ) is a complete metric
R

space there exists ’(t(m) 3 C([O,T],o_p ) s.t.
T

sup 1S (t,w) - T (w)t__ +0 as n + =
octer " t Py

and
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a7
Ao sV (w12 = 1im s (w12 = Vim (g, (w)le:))?
: RS PT nee 321 v
“t PT

Hence
I 2 =0T .
Et(w)ttp‘[ En t"p]‘
Next
ElT [0 - S (£)08112 cEn T, - s (t)12  141? +0
t n t n -pT pT
then
n ~
£ Tolod = 1im £50(8)00) = Vi ) £50e;08Te)

T 081 = Vim s (t)(4] =

lin ; gle;16;00 = g6 aus.

We— g
—

Then we have shown that for each T >0 3 PT s.t. the following set has pro-

bability one

QT = {w: ET

(w) & C(L0,T]; & )3
T

P v o
[4 ./‘..-“. i.,’ -

D
A

o
Then taking T+ = and a=N Q;  we have that for w e R
n=1 n

F(w) € C(R,:e').

+

et Mt ate et et - ottt amatatataan e it ametamy e A A T A AT AT T T
L e A A A RS S SRR St R R - e L . LY - - - . >
ORIy S e A e~ ST eI P .o ‘o « 1\' &, _,.5_, 4-,"*@,_.5_\ N
j . Tt N TRy S et DA A . A ey A ¥
-~ P I I AL I PPN v T - 2 ‘ ¢
v« N RGNS 2
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Step 4 Unigueness.

Suppose that there exists a %'-valued process ¢ = (Et) tnat is also a
solution of (3.2). Then by Proposition 3.1 for each T > 0 there exists a set
23 of probability one such that if w e Q3, ET(w) € C([O,T];¢6T) for some n; > 0
(ALOG take Pr > nT) and

t
T (wle] = v(w)(#] + é E;[A¢]ds + W0l ¥ peo, 0ct<T,

Fix w e 92(\ 3. Then, suppressing w 1in the followinyg, from the above

expression we have that for 0 <s <t <T and 4 ¢ &
— S —
Substituting the last expression in the second term of RHS of (3.4) we obtain

t t
elol = nlTpe] + é &[Ty _gAelds - é (T, _(Adlds

u

]
Ot
S —wn

3 [ATt_SA¢]duds + wt[¢]

and using Fudini's theorem

t _ t
Sele] = nlT o] + é &[T, _(Aelds - é (T, _gAelds

[}
O
C e

&[AT, Aoldsdu + W (4] (3.12)

Next, applying Lemma 3.1 to F = y we have

t
é [Ty _gAelds = n(T. 8] - nls] . (3.13)

Next since AT, .4 =T, A4 ¥ ¢ e 9, applying Lemma 3.1 to F = Eh we have

t t
s = 2 - -
SRAT, Relds = [RIT, A%dds = BT Re] - %,[49) (3.19)
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Then using (3.14) and (3.13) in (3.12)

g.Lo] = nle] + é g [T, _(Aslds - é € [T, Aeldu

t
+ é £, [Aeldu + W [4]

"

t
el + [ €, [Aeddu + W Tol = g ls].
Thus for each T > 0

g (w)l0] = 5 (w)ls] ¥oeo, 0t <T wenlay

Hence we have shown that for each T > 0 there exists a set Q. of probability

one given by

Let T + = and define @ = N 2r . Then P(R) =1 and if weQ

P(g, =g t »>0) = 1.

The proof of the Theorem is complete.

Remarks.

3.1 In the case of a special compatible family (@,H,Tt) (Example 1.2),

for each j » 1 g is the one dimensional Jrnstein-uUhlenbeck process

L
satisfying
J - Ly
g XJE%dt + dW [4;)
J -
5 = ola;le

. . AN S I AP e e e e e e AR PLRY RO PhRLyY
- .i - f 1. . ‘e . ‘ R ’ . . _.. . - T e .J ) . , ’ - ‘. .- o R - . J ‘ i .. .
-\.;.-\.._s(«:" R S A S PR .\'L b T ,.JI;J.LJH'!‘ ~_- W) .a:'.ls.‘)* P P2Pe
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2
P\I
e
! 3.2 In applications one usually deals with an SDE of the form
e
-

dT, = (-L T, +mdt + dW, = LT dt + dZ,

where Zt is a ¢'-valued Wiener process with parameters (m,Q), with m ¢ @',

j.e.
EZ,[e] = tmle].
[n this case we have
ImCe112 + Q(4,4) < 6u¢;ﬁ2 V o¢eo
for some 9 >0 and r, > 0. Hence in the case of a special compatible family

o= (oy. T
d'tt ( xj‘ft r mj)dt + dwt[¢j]

J 2
0 = n[%]

r = "'J =
where mJ‘ - m[¢.}], Lt Tt[¢JJ'

The following result can be shown in a similar way to Theorem 3.1

Theorem 3.2. Let M = (Mt)t>0 be a right continuous ¢'-valued martingale

Wel ot (}t) such that

. E(Mt[¢])2 <o ¥ t and ¥ ¢ € 4.

Then the SDE (3.1) has a unique solution given by

t
& = Tén + Mt + é A'TE_S Msds a.S.

i.0.
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f t
0 elol = nlT 6] + M (4] + é M (T, _gAdlds (3.15)

with the following property:

a) For each T >0 there exists q e F with P(27) = 1 and

\ ') p'r > 0 S ct .

1_
r A
T
'.r o
—

P
.
’y
'\
.
—
€
~—
[}
~—
—
£
~

:0 <t «<T} e D([0,T];0" ) ¥ we Q.
P1

P
Ly

»

&
-
N

v -
- "1" 5
s !

Pa’s
3

EXAMPLE 3.1 (Poisson driven (QU-SDE).

*y
A

7
ll. l‘.

~
oS

Consider a special compatible family (¢,H,Tt) as in Example 1.2 where

H = Lz(x,dr) for some X and a o-finite measure T. In neurophysiological

d

Vo
« B AN

applications {see [7]) X represents the surface membrane of a neuron, e.g. X
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is taken as in Example 1.3 to be [0,b].
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Define the ¢-valued martingale
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Y. (4] = é { da dx ds) (3.16)
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where

5 %

i) N{(da dn ds) = N(da dn ds) - u(da dn)ds
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and
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ii) N is a poisson random measure, i.e. N([0,t] x A x B) s a Poisson
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random variable with parameter teu{AxB) for A e B(R) and B 1is a measurable
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subset of X ,
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The interpretation is that N([0,t] x A x 8) = the number of voltage pu.ses
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of size a ¢ AS R arriving at sites x €8 at times s < t.
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N t 2
! E(Y.Col¥ Cwl) = [ [ _a"¢(x)y(x)u(da,dx)ds
- 0 Rx *
X-. =t Q(¢,v)
K.

t where

[}
_? 2 2

S Q(e,4) = [ a“(e(x))“u(da dx) (3.17)
w Rx %

2

o

In (7] the semigroup (Tt) represents the evolution semigroup describing
”,
b7 the decay of the difference £  between the actual voltage potential at the
5
'$ time t » 0 and the resting potential on X, and this difference is modeled as
] tne ¢'-valued solution of the SDE
- dgy = -L'gdt + dY,, E'"'-ro < » some r. >0 (3.18)
{ where A = -L 1is the generator of Tt‘
.ﬁ [n this situation it can be shown that there exists p > 0 s.t. for each
5 T>0
T '

o €. € D([0,T];¢') a.s.
fl p

J!

ﬁ: (see [7]) and that ) €€°j converges uniformly in [0,T] to §T in the 05
'O J

= topology where
“

! ; -t t - (t-s)

ny g=e Jglele] e 3 avles) (3.19)
Vi J

Y’

4

= and AJ, °j satisfy (as in Example 1.2) L¢j = Xj°j j» 1.
e
o
o
K,

1%

L LA



‘f o TR TR Y YOO 2t Aoy s Aot Safl Eoi Sl okl f b ioiriainibi il Aadh ol JAat Jath it i oAl A i e B v-.rv—.wT
g
N -
i:. -55-
i,:‘
;I:; LECTURE IV
s
o
N WEAK CONVERGENCE OF SOLUTIONS -
s
’.,ﬁ
':p At the end of the last lecture (Example 3.1) it was shown how the membrane

4,

V) voltage potential at time t Et of a neuron can be modeled as a ¢'-valued

ﬁ{: stochastic differential eguation driven by a stochastic process with stationary
WY independent increments defined through a Poisson random measure. However, it is
"

pelieved that the pulse sizes are quite small, making it reasonable to hope that

'ﬁﬂ: they can be modeled by a Gaussian noise process. Let us now consider the weak
"xi converyence of the solutions of (3.14) to the corresponding SDE driven by a

e Gaussian noise. Most of the material in this lecture is taken from [2] and [7].

<

';}j Sufficient conditions for the weak convergence of ¢'-valued stochastic processes
::F are given in [11].

\."':.-
A Let (¢,H,Tt) be a compatible family and A e® (¢'). For each n > 1
b let u" be a measure on (R x A,@ (R) xB(A) such that the positive definite

bilinear form

) n 2
2 Q"(o,w) = [ a® n[eInlv1u"(da,dn) (4.1)
s RxA
A
Y is continuous on & x 8, and let N" be a Poisson random measure with intensity
o

vy measure u"(da,dn)dt. Define

oot

o ~

5;;3 N"(da dn ds) := N"(da dn ds) - u"(da dn)ds (4.2)
'.‘:‘

'-\'

Yar and

i ] t -

. Y'e) := [ [ an[4IN"(da dn ds) . (4.3)
o 0 RxA
- Y. defined in Example 3.1 is a special case of the above for a large class of
e spaces X .
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For n >1 let m' ¢ ¢ and consider the ¢'-valued process &T given by

A ggdt + ndt + dYg

a
)
"

(4.4)

where 10" s ¥ ,-measurable.

The following result is proved in [7].
Theorem 4.1 Assume the following six conditions hold:
1) There exists f5 >0 and ¢ > 0 such that for n > ]

(m"Co1%) + Q"(0,0) < cn¢lf2 Voeo

2) 1im Q"(4,6) = Q(6,6) ¥ 4 e & for some positive definite bilinear con-

1+

tinuous form Q on ¢ x ¢.

3) lim mn[¢] =m{e] ¥ o e for some m e o'.

n-+x

4) There exists r3 > 0 such that

sup max{Enn"Ifr » EInl_. } < =,

n 0 0

5) gg converges in law to n on 3. for some n e LU
' 3 0

8) lim ] |an[¢]| "(da dn) =0 ¥ ¢ e o .
n+a Kxp

Then for each T > 0 there exists Pr > 0 such that E”’T converge weakly to

el on D([O,T],QpT) where £ is the unique solution of

" RN LR R I BN T T
‘\.- g ' _..,.{ \1_\."&. '\.‘(‘\ = -.-.»." N .,'N.'

R AR

.



.vm““wtmwwmmmmmmmwt
o
! -57-
-~J
k\; dg, = A'g.dt + mdt + dW
::4 t it t
" (4.5)
] E =
S o~ T
K
ﬁ\ and W 1is a centered ¢'-valued Wiener process with covariance functional Q.
o
2 Furthermore
.
L1
v) T )
% c(L0,T2; o) ). (4.6)
P T
‘.::\
)
B~ R
i We conclude this lecture by discussing several important examples occurring
: %Q in applications. They are discussed in [7], {15] and [16].
',\_J.:
‘ﬁﬁ EXAMPLE 4.1 (White noise current injection at a single point xo).
o
0 Let H = LZ([U,D],dX),Tt,-L and ¢ be as in Example 3.1, i.e.
-"'._.
~ ¥ = [0,01,0 = 7, H=L%(x,r=Leb),Lp = -ap + 840,
o _ . e e _ 2 l
( ¢J(x) = cj(cos(Jx),co = 1//n,cj = /2/n and AJ =a+ 8(j)°.
oS Assume that the impulses can arrive only at a single point Xy € [0,b]
o
oy
1ﬁ¢- with arrival rate measures u” of the form
.:-h
‘-l n n
) w {A xB) = ul(A) . lB(xo) A e B3(R,), B e@®((0,b]) (4.7)
%
¢
o, where
$.
4?2.
Rl n Pk, K,n T Len L,n
- ? L » - ')
- ul(A) kzl fe lA(a ) + zzl fi 1A( a; ) (4.8)
A3
-
:fﬁ; and ag,n e (0,») are the possible sizes of "excitatory" pulse (positive) and
NG
‘ -a®"  are the sizes of "inhibitory" pulses (negative), and f%*", fk’n are
-iif intensities of Poisson processes.
)ﬁf Write:
»,
1V
' p \ q
..". 02 .= l fk n (a-(,n)z + l fl,n(al,n)z (4.9)
l:. k=1 e =1 1
|}
e
lQ.
l:Q..
®
1
'q.::"-""" KNSy -"- RO N S AP o e A et e 1',“ O CErRNy -:_- o -_\-.\-;:;."J‘_"
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p q
k,n_k.,n Z,n_2,n
Y, := ) f *a? ) forale (4.10)
" ka1 e g=1 1]
and
XEH] = Yolx,) + o) s e (4.11)
where
t
Mol =) ™ [ [ a(x) NOMax,ds)
Kk & 0 x e
a,n ¢ 3
-1 ayt [ a(x) NIM(dx,ds) (4.12)
L

and N*oN NN
e i

given. by fé’" w(dx), FHMu(dx) with w(B) = lg(x

Hence from (4.1) we have that

Q"(,9) = #(x,) u(x

It is worth to observe that

{¢j(x)}

are independent Poisson random measures with variance measures

-
o)cn (4.13)

j»l does not diagonalize Q.

For each n » 1 consider the SDE

a
Y
o }
"

m
n

An application of Theorem 4.1 gives

of (4.14).

Proposition 4.1.

; k,n
1) 1im max {ap

,af'”} = 0.
N+e kK 2 -

[ n n
-L Etdt + dXt

] (4.14)

"o

.

the following weak convergence of solutions

Assume the following four conditions hold;
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2 2 2

2} lim ¢ = g for some 0 < g° < o,
N+

3) limy =y for some y < =.
n+o

n . . .
4) n, converges 1in law to Ny» where ng 15 a 5. -valued gaussian random
‘0

variable for some ro >0

Then 1im Q"(6,v) = Q(¢,9) := ¢(xo)¢(x0)q2 and £" converyges weakly to ¢

where & is the unique solution of the SDE

g

g

-L'E . dt + dW
5‘ t (4.15)

o~ o

whera W is a centered ¢'-valued Wiener process with covariance Q. Moreover

using Example 1.3 and Theorem 3.1(c) we have that W ¢ C(R+;¢5) for p > g

and ¢ C(R+;¢a) where q > max(¥a,r ) .

Furthermore & := Et[¢jJ satisfies the real valued Ornstein-Uhlenbeck SDE

del = Longed v vy (xg) 1t + alog(xg) lawd
(4.16)
i .
Eo = Eo[‘t‘]]

where the one dimensional standard Wiener processeses Ng = wt[¢j] j » 1 are not

independent.

EXAMPLE 4.2 (White noise current uniformly distributed over X ).

.f/-.r").r)'-‘-l‘d‘-r"-ﬂ-"-/‘

Consider the previous example but now assuming that white noise injection

can occur at any point in [0,b] with arrival rate measure

WA x8) = W](A)VUB) A £ B(R), B e3B([0,n]) (4.17)

(et e,

2, o gl . } ﬂ*-' oy \%
Wl p- .» NS .(-x.ta-.r,,f,\..u_q'.-q_r S 4'.;, "4 ,. , ) ur?,\- ;
- L)




n

n . . ‘y
where ¥y is defined in (4.8) and v is a sequence of probability measures on

X = [0,b] such that " converge weakly to v where v is 1/b Lebesque

measure. Then for each n > 1
n 2 b
Q"(9,¥) = o g ) W)V (dx) 4,9 € @ (4.18)

In this case the corresponding weak convergence result is given by the following

proposition,

Proposition 4.2. Assume that the conditions (1)-(4) of Proposition 4.1 are

satisfied. Then

2
a) 1im Q"(9,9) = Q(p,9) := Z

n+o b

$(x)w(x)dx.

O— o

b) &, converge weakly to ¢ .

where Et 15 the unique solution of (4.15) satisfying the same conditions as in
Proposition 4.1 with the difference that W 1is a ¢'-valued Wiener process with
covariance functional Q given by (a).

The Wiener process W can, in this instance, be defined in terms of the

centered 2-parameter Wiener process wt X (0 <t <T, 0 <x <b) with
»

covariance

E(Nt,xus,y) = Bl'min(t’s)min(x:y)o (4.19)

oy

b
é’é 4’(x)dxwt,x'

Furtner properties of the solution Et in this .ase have been investigated in

W l[s] :

detail ny J. Walsh [15].
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Theorem 3.1{(c) and Corollary 2.3 are examples of results for which in the
case of a special compatible family one can obtain additional information on the
spaces where some ¢'-valued processes lie. This information is given in terms
of ry (which satisfies condition (1.3) in Example 1.2) and of r, given in
Corollary 2.3 and related to the covariance functional Q. The following Lemma
is useful in determining F, when Q is of the form presented in the previous

examples.

Lemma 4.1 Let (°’H’Tt) be a special compatible family. Suppose there exists

r > 0 such that

cp = sup sup [oj(x)[(1+2)7" <= ¥ pes
x ]
and
Cy = | (da,dx) < =
2 Rx %
Then
Q6,9 = [ a%e(x)w(x)u(da,dx) (4.20)
Rx %
satisfies
Q(4,0) < eu¢ur+r1 (4.21)
wnere (Xj)j>1 and r; are given in Example 1.2.

The proof of the Lemma is given in [7].
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EXAMPLE 4.3

e b X
B s a s 7' s

S

Let X = Sz, the unit sphere in R3, with Lebesque surface measure T. Let

]
P d
LR,

43 Dbe the Laplace-Beltrami operator

)
x 4'}1

8

-
s %,
A

[
y
.

P

B¢ = (sin )73 3o (sin o) 3¢+ 3- (sin 9)7! 3¢ (4.22)

R s

B
LIgr SN
-"-'l'n

(wnere 8, n are the Euler angles on Sz). let L = -8+ GAB for 8,8 >0

MR

and H = LZ(X,F). This time the eigenfunctions are the spherical harmonics

¥ a
S

. Ymn(2=0,1,...;m = «f,000,2) with eigenvalues A = 8 + 82(2 + 1) for L, e'tx

iy
::1:.' for Tt ‘
Write

l,'

r ‘\

SR

(X
e l. U‘

i =m+ 2(2 + 1) (4.23)

iy Ny
/"" L .',.l
-l " ... /" ... )
©
[
"
-
-
[

4
'|
—
-
L]
[1/]
L]
=
"
(o)
Q
—
-
3
1]
.
)
™
[N}
[
o
S

3
»

Ao=e o+ SN D) (4.24)

o
4 Then

\-_ -2!‘1 2 2r1
)¢ )(1+AJ.) =) (22 + [l + 8+ 8(2° + 2)] < »
J 2
0y if Ty /2. Hence condition (1.3) in Example 1.2 is satisfied and a special

e compatible family (o,H,Tt) can be constructed. Furthermore

i sup [Yn(x) 1% = (241

LY [ X

and therefore

sup sup 1o5(x) | (1 + a)7¥ = [anPnin(s,48) 171 < =
i ox

.
T e
ClP

AR

B
5

Y

o
¢

N
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Hence < in Lemma 4.1 is finite for r = Y4, Then by Lemma 4.1 for any measure

b oon R x ¥ sych that

{ x_azu(da,dx) < (4.25)

we have that if J 1is given by (4.26)

Q(¢,4) < 1912, V s
. TN

where o + £y > 34, i.e. ry = r +ry. Then if g is as in Corollary 2.3

q>rl+r2=21'+%‘,ioe. q)%o

A more general result is the following:

Proposition 4.3 Let X be a smooth d-dimensional compact Riemannian manifold

with smooth (possible empty) boundary 3% and Riemannian volume element dr.
Let L be a positive, self-adjoint operator on a domain& & H = Lz(x,dr) such

that

a) Cc®x) £ (if & is not empty, X U3 is compact and
C:( ) = C™-functions on X whose support lies in X . If 23X is empty,

is compact and C:(x) = C™(%)).

b) LO 1= LlC” is a uniformly strongly elliptic differential operator of

)

order 2m > 0 with smooth coefficients.

0

¢y L& WZm(I), the Hilbert space of those elements in H with 2m weak

derivatives in H.

Then L admits a CONS {$J} of eigenfunctions in H with eigenvalues

{XJ} satisfying
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o

4

o)

AN i Le. = b,

N ) oLey = ey

oy i1) 9. e CO(X)
- J

ii1) \(1+x)‘2r1<«» for r, » 4

o 3‘ J 1 7 Tm

ﬁQ : -r w - d

s iv) s;p s:p I¢j(x)|(1 + xj) < all ro> o

;

}if Hence by condition (iii) above and (1.3) we have that a special compatible
lj3 family can be constructed in the manner of Example (1.2). Moreover from (iii)
<

i above if u is any measure on RxX satisfying (4.25), by Lemma 4.1 ro > d/2m.
:;5 Then if q is as in Corollary 2.3 q >ry + bz i.e. q > 3d/4m.

N

.?j: Additional examples and applications of &'-vailued processes can be seen in
e

o (7] and references therein.
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LECTURE V

STOCHASTIC EVOLUTION EQUATIONS AND

NONLINEAR STOCHASTIC DIFFERENTIAL EQUATIONS

In this lecture we wil[ give an outline of recent works on stochastic evo-
lution equations and nonlinear stochstic differential equations on the dual of a
Countably Hilbert nuclear space.

Throughout this lecture (2,73 ,P) will denote a complete probability spacé

with a rignt continuous filtration ('}t)t>0 “and  (d,0+1. , r > 0) will be a

l

Countably Hilbert nuclear space.

1. STOCHASTIC EVOLUTION EQUATIONS

The material of this section is recent joint work with V. Perez-Abreu.

There are several possible extensions of the SDE (3.1). For example one
may consider an evolution operator At instead of the infinitesimal generator

L and/or a perturbation operator P,. In this section we consider the SDE

&

(Apgy + Pregldt + dWy

anere y is a 3'o-measurab1e $'-valued gaussian random variadle s.t.

EJYH%r < = some r >0 and W, is a $'-valued Wiener process with

0
0
covariance Q. By Theorem 2.1. W. ¢ C(R,@é) a.s. for some q > 0. The opera-

tors At and P, from % to @ are assumed to satisfy the following con-

ditions:

Assumptions on A

£

a) For each t 2> Ar: % » % is a continuous linear gperator.




) -66-

“w

> b) For each ¢ ¢ & themap t » At¢ is continuous.

“~

'ﬂfw c) At is the generator of a two parameter semigroup T(s,t)

0 <s <t <= (T(s,t) = T(s,t")T(t',t) s <t'<t, T(t,t) =1), i.e.

A A_.

d
EET(s,tH»

SN
.

T(s,t)At b ¥ e 0 <s <t

i\.“

‘.) and

o %§ T(s,t)¢ -AST(s,t)¢ ¥oed 0<s<t.,

AU d) For s <t T(s,t): & » & is a continuous linear operator,

b e) lim T(s,t)¢ = T(s,t0)¢ in the ®-topology for each s fixed and
1% tit
. 0

wr 0 <s <t , 69, and lim T(s,t)¢ = T(s.,t)¢ for each t
;ixj 0 S*So 0

fixed and 0 < So Sty 9 e,

{ d) for each T >0 and n >0

-:,\
+ sup IT(s,t)el <= ¥ ¢ ¢ 9.
: 0<s<t<T

B Assumptions on P

sl t

::\ e) Foreach t >0 P :¢ >4 isa continuous linear operator
MA Y

f) There exists a sequence of seminorms {it o ., n>0 on ¢

s generating an equivalent topology as that given by the Hilbertian norms

- {u.un; n > 0} such that the following halds:

-0 i) for each T > 0 there exists my > 0 s.t. for m > M Py

e has a continuous linear extension to ¢|m| ( i -completion

e of ¢) and the map s »P.o s ®|(-continuous,
!' VY

- - - a . P u i S S S S R M - L TR TSR .“‘ -.‘ d ~" * l-'
,f :;. R Pt X :. _: S T e T N T T RIS SR SR -..'_-\_*t . A \‘_q‘_\- ‘\.}k
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- s w”.“ y
Y 2

i1) for each T > Q0 there exists me > 0 s.t. for mo> My 3

T

4,

K(m,T) > 0 and

-

sup I PST(s,t)pulm < K{m,T) nn ou o ¥ ¢ ¢ 9
0<s <L <T

NPT Y 2
b= A

Observe that condition f (ii) above can be obtained using f (i) if we assume that

for each T >0 and m » 0

y v e -
ok ‘: “c ‘.._‘.-

sup W T(S,t)Mlm <O(m,Thuw o . ¥ ¢ e 0
0<s<tT .

II

f
s,

for some D(m,T) > Q.

i -
AR

;3 Definition 5.1 We say that the SDE (I) has a ¢'-valued solution ¢ = (at)t>0
o

N
‘S if the following four conditions hold:

- 1) (&) is }-t-adapted and ¢’ -valued.

% 1) g0l = ve] + f g [A 01ds + I g [Podds + W, (6] ¥ e
a.s. ¥t 3 0.

i11) g, e C(R.;9') a.s.

iv} For each T >0

o EC sup 16 (oll?
°X 0<t<T

Proposition 5.1 If (St)t>O is a solution of the SDE (I) tnen for each 7T > 0

there exist 9r > 0 and a version of £ (denoted also by &) such that

" ll -' '

LR N &

Pk}

C([O,T];o&T) a.S.

(e

and

X AN
L

. ¥

y

e
i
)/
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t t
&lo] = vlo] + é (A, ¢lds + é g[Pg olds + W .[4]

¥ ed, 0 <t <T a.s. (5.1)

The proof of tnis proposition is done in a manner very similar to Proposition

3.1.

Remark 1. Ccndition (iv) in Defintion 5.1 is implied by the following con-

dition: For each T > 0

T T
E é (5[A 01)%ds + E é (g,(Pg 81)%ds < = ¥ ¢ ¢ 0.

Thegrem 5.1 Let y and W = (wt)t>0 De as in the beginning of this lecture

and suppose that At and P, satisfy the assumptions (a)-(d) and (e)-(f)

respectively. Then the SDE (I) has a unique solution £ = (&)

t)t>0 such that

for each T > 0 there exists Pr > 0 and

e C([0,T];¢' ) a.s.
P
and

E( sup nglz ) < =,

0<t<T -P1

Moreover § is a #'-valued gaussian process.

Proof. The idea is first to show that the unperturbed SOE

drlt ntdt + dlrlt

(I1)

has a unigue solution. This is done a manner entirely similar to the argument

in Theorem 3.1 using Lemma 5.1 below instead of Lemma 3.1, and using only the
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assumptions on Ao The solution is given by
t
ns] = ¥[T(0,t)¢] + é WA T(s,t)elds + W (o] . (5.2)
The next step is to show, by the method of successive approximations, that

the stochsatic equation

Et = T'(s,t)P£ £ds + ny {(5.3)

O ¢t

has a unique solution on C(R ;¢'): - The process n, given by (5.2) has the

property that for each T > 0 there is a dr > 0 s.t. E(CT)2 < » where

C w) = w 5.4
rlw) i= sup wm(w)1g (5.4)

\ext, using assumption (f) there exist constants c; = Ci(T’qT) i=1,2 mr > 0

and nT >0 s.t.
ki < < ¥ ®
q Cl Mol C2 ot $ ¢ . (5.5)

From (f) (ii) it then follows that

sup "PST(s,t)¢ﬂm < K

FY Y oeo. (5.6)
Oct<T T T T

91 = {w: CT(LU) < Q}

then P(Ql) =1, For we Ql and 0 <t < T define the sequence of successive

approximations

AR il il gl b}
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Hence, using (5.5) and

and moreover
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g (w) = n(u)
t

flo) = [ (5.0 ed(ulds ¢ (w)
t

& (w) = ! T'(s,t)P el (w)ds + n(w).

n >0 and ¢ € ¢

(o]

n [P T(s,t)elds + n,[4]

t
é Eg-IEPST(S,t)¢]ds + n. (4]

t n-u
] ] ng [P T
00 0 n-2 °>n-2

Sn-Z’Sn-3)“‘
PSIT(sl,t)ﬂdsn_z...ds1

Y oeee + nt[ﬂ.

(5.6) one shows that the above integrals are well defined
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% ath
~~, Iqt(u)[¢][ < Crluleyey( Ly TR ) n¢unT ¥ ¢ e (5.7)
E) and
N N (KeT)"
: P (L8] - @(w)4]] < Cp{w)CyC ) '-;Lr'* LET YV 6c6. (5.8)
; T 1 2 k=m+] K r
)
.
LS Then for each w € Ql’ 0 <t <T and ¢ e & 52(“) is a ¢'-valued element for
‘ n>1, it(m)[¢] lim Et w)[4] exists and
: 6 (W081] < Crlwlcpeye | (5.9)
oy sup i (w)(9]] < Cr{w)ec e, e Y Yy oeod. )
: O<t<T t T 1-2 nr
:f Hence it(w) € ¢'. Moreover let L1 > Ny Dbe such that the injection map
o @lTC» ho is Hilbert-Schmidt and let (4. }J>1 € ¢ be a CONS for %T with
ﬁ, dual basis {§. }J>l a CONS for QkT. Then from (5.9) we have ’
X
£ ® 2K.T =
B sup ) ¢ (w)[¢-]12 < Cz(w)czcze t ) no'uz < =
‘%; Oct<T j=1 © J LIRS A jé1 A0y
!-
and therefore for 0 <t < T and o ¢ Ql
-
) .4 -~ O
K felw) = le & (@)L 0518 (5.10)
B~ is a well defined element of o, and Et(m)m = & (w)l4] ¥o & 5. From now
-, T~
‘: on we will write Et instead of &y«
L)
- Next we shall show that & is a solution of (5.3): From (5.7) and
,; assumption f(ii) we have (suppressing w ¢ Ql in the writing)
-
1":
;Q
[]
'€l
": .......... "-_ .., ______ "'.'\J'—'#\-"-'\-'y(‘-‘ .,"‘-"*‘-I' v_(_-,, .-.,;- - L] --_-_-).;_.\v_.--.'.;.-,‘:.._':_. _______ :q_“- -_ '_. .- '_~ .:‘-.'._-.\.-_ ‘:.'._-‘...‘
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17 T(s,t) 0] < '52'1'_2T 1P T(s,t) 0t

LI.

K

T
< CTclcze KTn¢|

o<
¥ ¢ed¢, n>1, 0<s <t «<T.

Then since

t
lole) = [ THWIPT(s,0)0kes + n(w)lod, w ey

Dy the dominated convergence theorem

L
GLe) = Vim llod = im [ gTIPCT(s,t)02ds + myLo]

L
é &(PTg ¢)olds + n 6], ¥ ¢ece 0 <t <T. as. (5.11)

which shows that % satisfies condition (ii) in Definition 5.1.
Next we shall show that ET: C([O,T];¢; ) a.s. for some Py > 0. Let
T

Lyt € (0,7]. Then using Lemma 5.1 below it is not difficult to show that for w ¢ o
t o
| é (@ P T(u,t)eldu - é £, (0)IP,T(u,t ) eldul < CT(w)DTn¢utht-to\

for some DT > Q0 and ry > 0. Hence the process

t
2,06 := é & [P, T(u,t)eldu

is a continuous process in t e [0,T] for each ¢ € ¢. Hence from (5.11) we

have that 5t[¢] is also a continuous function of t., Moreover,

sup £ (w)[9]] < (Cr(w)Dy + Cy(w)}ned ¥6 ¢ o € . (5.12)
O<t<T ¢ [Ahag) T rT ¢ 1

o Next let py > r; be such that the injection map % S & is Hilpert Schmidt
-..- -. T .
::ﬁ and let {81}3,1‘; ¢ Dbe a CONS for °pT with dual basis {ej}j>1 a CONS for
Fd
%
o,
&
R
i i
Copee o el et g e AR
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l\}

ﬁ\~ 0 Then from (5.12)

> T

{ ® ®
W sup ) s[e.]]2<(CD +C)2 ) ne.nz‘ <>
‘l. : O(t‘T J=1 t J T T T J=1 J AT
& .
TGN} . ~ A . : : '
gt}: Hence for w e 2 define g (uw) = jgl gt(m)[ej]ej which is an element in opT. Then
2 T(wlel = £ (wlo]l ¥ s6cd 0ct<T

S (wile F,tw)q: ¢ € <t <T, we .
zf From now on we write g instead of E;. Then by the dominated convergence

8 theorem, since st(w)[ej] is continuous on t for each j > 1 we have
:':; 2 N 2

oy lim 1g - g =lim ) (g[e;] - & [e.])
b S . Sclejl - & Ley

-_;_': tat, o TFT tatg j=1 9

L, 7‘. ©

= ) lim (gle.] - g (e.))? =0 t, € (0,T]
o =1 tat, e Yo J 0

o Then &'{w) e C([0,T]; 05 ) for some p; >0 and we @ where P(q;) = L.

A : T .
( ‘ Also from (5.4) and (5.12) we have that for each T > 0

“u E( sup (g, [s]1%) <= ¥ 4 e,

. O<t<T

;) . which shows condition (iv) in Definjtion 5.1. Moreover from (5.12) and since
o

;~:. £(c8) < =

>

7 2 2 . 2

Yy E( sup r&1” ) <E(CiD7 + Cy) ) ote.nt < ow,

i Oct<T  PT T 5h i

-‘.l.

v

ltk A simlar argument to that at end of Step 3 in Theorem 3.1 gives condition (ii)
-‘.\-:,

e, in Definition 5.1, i.e.

**. - < p' e

0 Z' E. € C(R+,° ) da.S

11.‘ ]

h , Hence, £ 1is a solution of (5.3).

\Q: To show unigueness let X be any solution of (5.3). For the present assume
.

b that X, sastisfies the following condition:

-."a

'

I PRIC ey (ﬁa";a'acw ; ”
_'h it TSN h'ggug,




-~ {(*) For each T > 0 there exists p} >0 s.t. XT e C([0,T]; 0&.) a.s.
, T

AN W.L.0.G. let p% > Pr and

Q4 = {w: sup X (w)® < =},
2 O<teT © Bal

Then P(Rz) =1, Fix we Qlfﬁ 2, and let 0 <t <T. Then for each ¢ ¢ ¢

(suppressing w 1in the writing)

. .
X [o] = é XsLPT(s,t)¢lds + n.[e] .

. n o . e . .
Next, 1f & is the sequence of successive approximations defined prior to

(5.7) we have

t
52[¢] = é Xs[PT(s,t)81ds (5.13)

o

MM oS

{ X¢Cel

A

y &

X Lol

t t
2001 = [ KLPCT(s,0) elds - l 6P T(s,t)0]ds

58

PN

t
Kelod - 0o] = [ (XsPST(s,t)e] - 507 IPeT(s,t)e)ds .

¥

Hence

Y

1 s?‘ltx [P T(S..5. 1)eseP
d sn sn n’>n-l * s1

AR

X,Col - &L0] T(s),t)e

Z

Ov—wn

' : 1
i zsntpsnr(sn,sn_l) ‘oo PslT(sl,t)¢]}dsn...dsl

n+1T(sm_l,sn) oo

o PSIT(sl,t)¢]dsn+1...ds1
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N Then using inequalities similar to (5.5) and (5.6) it follows that
-t
~ 1X,[6] - &' X, 1 AN
: 6] - oJ| <€ sup ", CiCy ——p— 1}
._\‘ . t Et o<t <T t PT 1-2 n! m
A
:i: for some positivae constants C1s€y,Kp and m. Hence
2
0y
») sup_ [X,[4] - €"(6]] »0 as n > .
A O<t<T
jﬁf Thus P(X, =g 0 <t <T) =1 and a similar argument to that at the end of
-:*: Step 4 in Theorem 3.1 gives that P(Xt =g t>0) =1.
. The next step is to show that the solution ¢, of (5.3) obtained above is
N
Zij: also a solution of (I). In order to do that we need the following Lemma.
A
i
CE Lemma 5.1 Suppose conditions (a)-(d) on A, hold and let B be any continuous
a’;‘
N linear operator from ¢ to ¢. Then for each F € ¢ and 0 <u <t
3 t
a) FBT(u,t)¢] = F(Bel + [ F(BT(u,s)Aselds ¥ ¢ c 0
u
{ :
3 t
,254 b) FLBT(u,t)e] = F[Be] + [ FIBAT(s,t)edds ¥ ¢ ¢ o.
o v
L
B The proof of the Lemma is similar to that of Lemma 3.1 using the Kolmogorov
Frr, Forward and Backward equations:
.':::~'
e d
L oo Tluss)e = T(u,s)Ac,e 0O<uc<s, ¢etd
2
J‘_:-‘ d
jﬁi EE'T(“’S)= ~AuT(u,s)s 0 <u<s, ¢c o
n.:‘::
1§
- End of the Proof of Theorem 5.1
¥
‘“J':u
.:j# We shall show that ¢ is also a solution of (I) and that it is unique.
8 N
P
A% Let w e 2 tnen from (5.11) (suppressing w in the writing) we have
N ]
n_‘f'
f"“
i)
\
Azg.l'
d. ]
o

“’ .:f,.:-l'{f{lfj "‘:’\ 4;..:.,_‘—' -:"-;"-;‘F-.,n:"--"“d—".V . ;; 3 {J" .:'1:“.‘.')'..";'.‘ .' "_-.- n_"‘-.‘_-.'_. ".:.' - n I Wy \i..\.. \q\\"\’\ e T ]
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&3
e
LL
3 Lol = [ [PT(s,hekas + le] ¥ pce Dt T, (5.1
R ‘ 0 3
e Next, applying Lemma 5.1(a) with B =P, and F = £, we have
o t
o 8P T(u,t) 0] = £,(P 0] +l{ g,P, T(u,s)A  ¢1ds
R
and therefore
- t t tt
- é & ()P, T(u,t)¢ldu =(j) g, (w) [P, ¢]du +é / g, (w)[P,T(u,s)A ¢]dsdu
2. u
“.-'_ t ts
= = [ g,(w)(P ¢Jdu + [ [ £ (w)[P T(u,s)A 6]duds. (5.15)
£ 0 00
w
. But from (5.14) since
-
- g [A 4] = é £,0P, T(u,s)A 0]du + n.[A 4],
i
i. using the above expression in the second term of (5.15) we abtain
o t t t t
;_'::' / SUCPUT(u,tM]du = su[Puq;]du + ss[Asq;]ds - n (A ¢1ds. (5.16)
" 0 0 0 0
? But also from (5.14) we obtain
-.\
Y :t': t
.:ﬁ & g, [P T(u,t)eddu = £[s] - n.lel.
)
o Hence from the above expression and (5.16),
:j t t t
?-3,:: Lol - nle] = é g (Pselds + é & [Ag81ds - ({ ns[Ag #1ds
\4:;
- i.e.
\'
B0, t t t
o Glo] = [ E[Pgalds + [ g [Aeles + ne] - [ n[Acelss
N 0
i’J
= t
459 but since n.[3] - c{ n[Agelds = v[o] + W.[e],
>
X

- -
a%e

[ Yoo
Nan &>

‘

n-.
-
o >

5 e 3.V Pl ol N B S e A » Tl g LN
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9
5%
N
)
R t t
b wLo) = [ &[Poolis + [ [A0Jas + 2Ls] + We] ¥ b co,
éﬁfﬁ i.e. dg, = Aégtdt + Prgdt + dW,. ‘
o l
T Finally we shall show the uniqueness of the solution (I) proving that any
I,
333; other solution ?% of (I) satisfies the SDE {5.3). Let 23 be the set of pro-
355 bability one given by Proposition 5.1 s.t.
&
| 'ET e C([0,T];9' ) a.s.
Al qT,
N
b\h.
;:}' and
T
-;. _ t _ t
0! &.Lel = v[o] +é &[A 81ds + é g [Pgolds + W [e]
&« V 6ecd 0<t <T a.s. (5.17)
‘ - WLUG we can take dr > pr. Let we 93(\ Q. Then (suppressing w in the
{:i? following) from (5.17) we have that for 0 <s < T
:_\::‘
-\J-

&)f

WA T(5,t) 0] = E[AT(s,t) 4] -g 5 [P AST(s,t) 8]du -

k4

L

e
A A

-“

[y

a a

t
& &,[A, AT(s,t)eldu - Y[A T(s,t)e]. (5.18)

;.n’l
-‘,.

o

Jdn the other hand from (5.3) and (5.2) if Q0 <t < T

,
&\‘i
R
a4 L oA

g

t t
L] - é &P T(s,t) ¢lds = é WlAST(s,t)elds + v(T(0,t)e] + W [s].  (5.19)

&3

o

Hence using (5.18) in (5.19) we have

..". o
N
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x t t_

- & L8] - é [P T(s,t)0lds = (f) LA T(s,t)0]ds
& ts ts _

- - | [ g (P AT(s,t)¢lduds - [ [ g [AAT(s,t)elduds
= 00 a0

N

- t

3 - [ AAT(s,t)elds + ¥[T(0,t) 6] + W, [s] . (5.20)
> 0

oL,

{,
P Next, using Lemma 5.1(b) with F = y, B = I we have

‘A- t
s Cf) YA T(s,t)edds + ¥[T(0,t)¢] = (ol (5.21)
'jd Again, applying Lemma 5.1(b) with F = Eh, B =P, and with F =.Eu and
s
B = Au we have the following two expressions
t — — —

é §[P AL T(s,t)¢dds = §,[P 4] - &,[P T(u,t)e] (5.22)
¢ ] 3 <
4 ] Eu[A A T(s,t)elds = £ [A 6] - &[A T(u,t)el. (5.23)
L
1

i:.

X Hence, using (5.21), (5.22) and (5.23) in (5.20) we have

L
t t t
oo g&.Le] - é [P T(s,t)0lds = é E[AT(s,t) 0ds + (f) g,[P ¢]du

o t t t

= - é &,[P, T(u,t)¢ldu + é g,[A 0]du - é g,[A,T(u,t)0]du
>

- + (o] + W [,

I‘A'

rJ

: that is,

-
o t t _ t
e &.Lo] - é g[PT(s,t)0lds = é g,[P 0ldu + 6 g,[A,¢]du

ey t —

i + yLe) # W D] - [ [P, T(u,t)s]du.

A ]

g

~

i.t'

L]

.;:". . - - - \
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=
K. Then using (5.17)
:.,
£ _ _ t
- Lol - % (sse)odds = & ls] - [ gLPeT(s,t)0dds = n.[0],
Jf: i.e. E% satisfies (5.3). The unigueness now follows from the uniqueness of
v the solution of the SDE (5.3) using Proposition 5.1, which gives condition (*).
*
) Finally the Gaussian property of the solution £ follows from the fact
f% that for each ¢ e & £1[s] is the a.s. limit of a sequence (the successive
approximations) of gaussian random variables, N.E.D.
o
,‘4
d
4
X Special case. Let A = -L be the infinitesimal generator of a one parameter

semigroup as in Lecture 3 and consider the SDE

dg,

-L'&tdt + Pé F,tdt + dNt

The unperturbed egquation is a model used in neurophysiological applications

e
o .
’

y (zxample 3.1 and Lecture 4). However it is important to observe that in this
1 . . . . .
- field the kind of perturbation that occur are more likely to be nonlinear rather
- than linear.
:2 Example 5.1. This example occurs in fluctuation theorems for interacting par-

- ticle diffusions and has been considered by McKean [9], Hitsuda and Mitoma [4]

and Mitoma [12].

o For n > 1 let

s

N ey = e, e
-

<

< be an n-particle diffusion given by the SDE

’

}Q

Yy

e

4

. &
S

.(_;.' \‘..,‘«.r\.-*r.r.'-"\

-‘.'

.nu‘o’ & SRS R T '0. o0 0.!'
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-' by
oo .
‘\:ﬁ: n
P e =y + 2 L LariMs),viM(s))a, (s)
= 3710
.
N n t
2 ey oM v Mishes (ko= 1,0a0)
- =10
‘J’:‘.
») .
154 where (Yk,Bk)k>1 are independent copies of (y,B) and y is a random
j;j variable independent of the real valued Brownian motion B,. The coefficients
}?ﬁl a(x,y) and b(x,y) are bounded C>-functions in (x,y).
o For each t > 0 consider
.: n
iy =L ) s
N " ogm vink(e)
2 J
!i“ where Sx is the unit mass at x. U(")(t) is a measure valued process.
oo McKean [9] has shown that
'5:1 (n),. 25
( e Ut (t)  + uldx,t)
o :
- where u(dx,t) is the probability distribution of X(t) that satisfies
- dX(t) = a(X(t),t)dB, + B(X(t),t)dt
"-.-,'
‘wﬁ whera
A
t."
o a(x,t) := j a(X,Y)U(dy,t)
R
Lo
‘.i\
\."- -
. 8(x,t) := [ b(x,y)u(dy,t).
S R
-
:}: Moreover, McKean (9] has also shown that wu(dy,t) has a density wu(x,t) and
o ~nat  a(x,t), 8(x,t) and u(x,t) are C™-functions in R x R,.
%, Let

S,(t) = /n [u(")(c) - u(+,t)].

'l_ 'I - lx“V\ "r\'\‘ -1_\-"1\

:* <. «' ;
X . (“- m 1 Ql. .o.l 2 5"« bl'.‘lh.". \* !




0
:.‘ 4
.

N -81-
®-
T
AN
“l‘h‘\
j;&: Hitsuda and Mitoma [4] have shown that the measure valued processes Sn(.) con-
o .
‘ » verge weakly to the solution £ = (Et) of the stochastic evolution equation
o
--'-.v — 1 ] =
_::, dg, = AL&pdt + Predt + dW, (5.24)
T
b2
\
e where for ¢ ¢ ¢
u::."“
N
08 (A9 (x) = 2 alx,0)2608) () + ax,0) 00V (x) (5.25)
N
e ,
- (P a)(x) = [ b(y,x)e M (y)uly,t)dy
-kjy R
o (2)
: + [ aly,t)alx,y)e' </ (y)uly,t)dy (5.26)
.r‘t R
liji and W, is a zero mean ¢'-valued gaussian process with independent increments,
.:_:.-
f;wj Wo = 0. As pointed out in Mitoma [12], the nuclear space appropriate to the
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problem is given by the space ¢ of real valued functions ¢ such that ¢ ¢ ¢

e
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iff wp(x)¢(x)sg where
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P(x) = | e-lzlp(x - z)dz
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and p is the usual mollifier
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ce exp(1/(1 - [x]3) x| <1
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- 0 Ix| > 1.

Notice that ¢ 1is a modification of ,8 with the following relations amony the
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norms defining their corresponding topologies:

\ e
e E
A‘..;‘-'ﬂ .5T
1

m¢ih’° "w¢“n,3 (5.27)

n¢nn,° = uwunns (5.23)
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mem = sup  sup |Dkf(x)1 n>l (5.29)
’ 0<jken xeR
) n
112 o= ) [ (1 xH)2okF(x) ) 2ax n > L. (5.30)
i k=0 R

It can be shown (see [12]) tnat under the above conditions the SDE (5.24) satis-
fies the assumptions of Theorem 5.1 and therefore S,(+) converge weakly to
the unique solution of the stochastic evo]utipn equation (5.24).

The example just discussed is an instance where the two parameter evolution
semigroup T(s,t), its generator At ad the perturbator Pt can all be defined
directly on a countably Hilbertian nuclear space ¢ so0 as to satisfy the
assumptions stated at the beginning of this lecture. [t is worth noting that,
in many cases, these operators may be more naturally defined on a Hilbert or
Banach space, as e.g., in the work of Kato and Tanabe (8, 14]. In such cases
the problem of finding a ¢ for which the assumptions concerning Aé and Pt
are valid, has to be solved first before the results of this lecture can be

applied.

2. &'-VALUED DIFFUSION STQCHASTIC DIFFERENTIAL EQUATIONS

A more general ¢'-valued SDE is given by

&

EO Y

A(t, g )dt + B(t, €, )dW,

where the coefficient functions A, B are of the following type

a) A: R, x ¢' + o
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3 b) B: R_x o » L (0',0")

aa

h where lL(¢‘,¢') denotes the class of all linear continuous operators from ¢'
e to %', vy is a ¢'-valued random variable and wt is a ¢'-valued Wiener process
-:\

Yy with covariance Q. In this case it is necessary to define a stochastic

SO integral of the type

! t

' E

r~ [ fo(w)dd (w)

N 0

s
S
+ 3

:? where ft(“) € 1L(¢',o').

§ The following are conditions under whicn a unique solution to (5.31) exits:
o

e

jt For each T > 0 and sufficiently large m » (0, there exist numbers r > 2,
s 8>0 and p >m such that A, B, the initial measure uy for gg and the
;» covariance functional Q satisfy the following properties

£

'\.:_

\)

o (1IC) - Initial Condition
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(CC) Coercivity: Let jm be the canonical isomorphism between ¢, and ¢$.

For each t < T and u e ¢

e.

i 2R (qu)lul + (= - I)HQB*(u)“'m"m <ol + nig(u)nl)

}’ t
»&6 Beeel o .m s the trace norm of the nuclear operator determined by the bilinear
2 form Q where

s 3% (4)

& Q, (8,9 = QB(We.BF(u)w) 4,0 e 0.

o B (u)

I t

{I
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> and, Bz(u) e L,(5, @) 1is the adjoint operator defined by the relation.
P 3. (u) L8] = f[B u)e) for all f e & and all 4 ¢ &

z.
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(LG) Linear Growth for each t < T and u ¢ g;
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(JC) Joint Continuity
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A: [0,T] x &' + &'

5

and
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B: [0,T] x &' » f(e',0")
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are each jointly continuous.
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P The proof of the existence of the solution will appear in a forthcoming

~& paper by G. Kallianpur and R. Wolpert.
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